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1. (a) v =djv+ud, " = v+ 2ujv +uv”,
" = uf'v + 3ufv’ + 3ufv” + uv”.
(b) The equation for v’ reduces to (2 —x)v" + (3 — z)v” = 0, so that
v = —cixe ¥ 4 cox + c3. Hence, u = c1x 4+ coxe® + c3e”.

2. (a) {z%,2”} is a basis of solution of the homogeneous equation.

u(z) = aiﬁ <ma / F@)2 = da — 2 / Fa)zt? d:n)

x®, x%logx} is a basis of the homogenous equation.
(b) {z% 2%logx} is a basis of the homog i
u(x) :a:alogx/f(a:)xla dx—a:a/f(x)a:la log  dx

3. {coskz,sin kz} is a basis of the homogenous equation. W (cos kz, sin kz) =
k. So the Green’s function is G(x, t) = f(cos kx sin kt —cos kt sin kz) =
Tsink(z —t).

4. (a) (D —a)™ (D? + 3%)m*l D2 — 2aD + (a? + 3?), respectively.

(b) {cosz,sinx,e3® 2e3%} is a basis of solutions of the homogenous

equation. An annihilator for e3*(10z + 1) is (D — 3)2. So, design
a particular solution as

c1cosx + casinx + (e3 + 4 + csx? + cax?’)e?’x

A straightforward calculation shows that u,(z) = 2%(2z — 3)e3?.
Hence, the general solution is

U= c108T + cosinz + c3e + cqxe® + x2(21: — 3)e3m



5.

(a)

p()\) is factorized in the real field into A + a and A2 + pX + g,
(a,p,q € R). Since the equation is asymptotically stable, a, p, ¢
are all positive. This implies that all coefficients of the differential
equations are positive.

Suppose it is not asymptotically stable. That means a > 0 is a
root of the characteristic polynomial.

pla) =a"+a1a" P+ ... Fan >a, >0

which leads to a contradiction.

A counterexample is u” +u” + v’ +u = 0.
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of § ¥ =Y is y = N L oast— L.
1—ty0 Yo

= |y| — oo as y — 00. So, not Lipshitzian. The solution

Y — |y 3 = oo as y — 0. So, not Lipschitzian. The

I .2/3
initial value problem { y=y

has tVVO SO ut]‘ons z' t — ()



