MIT OpenCourseWare
http://ocw.mit.edu

18.034 Honors Differential Equations
Spring 2009

For information about citing these materials or our Terms of Use, visit: http://ocw.mit.edu/terms.


http://ocw.mit.edu
http://ocw.mit.edu/terms.

Problem set 6, Solution keys

0o 1 0o
1. (a)/o e—tt’"dtz/o e—ttTdtJr/l e 't"dt = (I) + (I1).

For r > —1.
1
(I) < / t"dt < +o0.
OOO
(1) ~ Ze_"nr < 400
n=1

(b)

oo o0
L(r+1)= / e Hrdt = —e U / re't""1dt (Integration by parts)
0 0
= rI(r)

R R T R A R G
0 0

0

(c) L(t") = /OOO e T dt — /OOO e "(u/s)"(1/s)du = (Srlﬂ)/oOO e "(u) du = L(;lel)

2. (This is a long one.)
(a)
e}
L[h(t — c)sint] = / e *tsintdt
0

= e *L[sin(t + ¢)]
= e *“L[sintcosc+ costsinc]
_scCOSC+ ssinc

s2+1
Taking the transform,
1 1 cosc+ ssinc
L - - (= e C T o
(v) 32+w2(s2+1 ¢ s24+1 )
1 1 1

= (

)(1 — e *“(cosc+ ssinc))

w2 —1's2+1 2+ w?
So, y(t) = ﬁ(sint — st _ (¢ —c)(sint — Sinuiuﬂcosc — cosw(t — ¢)sinc))
(b) y(c) = ﬁ(sinc - Slr;}&), y'(c) = wgl_l(cosc — coswe).

(c) y¥"(c+) = y"(c—) = 1 (—sinc+ w?sinc).



3. Let fo(t) =sint 0<t<m. Lfo= ﬁ(lJre_”)

— _Lfo _ _1 lfe”7®
Lf =125 = orate™:
oo
Alternatively, compute term by term in f(t) = sint + 2 Z h(t — nm)sin(t — nm)
n=1
4. (a) Taking the transform, s2Ly — (sa + b) + Ly = Ae ™%
So, y(t) = Ah(t — ¢)sin(t — ¢) + acost + bsint.
(b) The reason why y(c) = 0 is necessary is: at a point y(¢) = 0, the impulse can control the
derivative and reduce y/(c) to be zero. Then y(t) = 0 for ¢ > ¢ by uniqueness. But, at a
point y(¢) # 0, no choice of the impulse will make y/(¢) = 0.

In general in 3" + ay’ + by = f(t), a,b constants, the effect of f(t) — f(t) + d(t) is the
same as the effect of y'(0) — y/(0) + ¢.
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5. (a) Uses pn \ f(s,t)ds = f(t,t) + \ E(s,t)dt.

(b) Taking the transform, Ly + S%Ey = —% L and Ly = —%( s

ST (IS e
So, y(t) = %sint + %sin 2t

6. (a) Uses L[y"] = —L(s*Y(s)) = —s%Y"(s) — 2sY (s).
(b) (This is again long.)

(-3 2 (=1 (2n)!
Using the binomial series for (1—|—52)_%, Y(s) = ¢ Z < 2>5_2n = CZ u (2n)

2n 2 ¢2n+1"
s\ n =2 (n!)?s
, oy (21)! = (-
Since L[t™"] = 82n+1’y(t) =c E 072%(”!)2
0 k=2n+1
Clearly, y(0) = 0. y®(0) = —1)"(2n
early, y(0) = 0. y*(0) { Chrent oy





