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Topics

» Formulation of Chance Optimization and Chance Constrained Optimization
» Geometrical Interpretation

» Challenges

» Moment Based SDP for Chance Optimization

» Dual of Moment-SDP (Sum-of-Squares Program)

» SOS Based SDP for Chance Constrained Optimization

» Outer and Inner approximations of Chance Constrained Sets
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Risk Aware Optimization

Chance Optimization

maximize Probability (Success( design parameters, probabilistic uncertainty))
design parameters

subject to Constraints(design parameters)
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Risk Aware Optimization

Chance Optimization

maximize Probability (Success( design parameters, probabilistic uncertainty))
design parameters

subject to Constraints(design parameters)

Chance Constrained Optimization

minimize Objective Function(design parameters)
design parameters

subject to Probability (Success( design parameters, probabilistic uncertainty)) > 1 — A
v

Acceptable risk level
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Example: Portfolio Selection Problem

e Assets with uncertain rate of return w;~pr;(w),i =1, ..., 4

e x; invested money in asset i

e Success = Achive a return higher than "r*"
= {w1x1 + WXy + W3X3 + WXy =77}

Chance Optimization

maximize Probability(wiz1 + woo + w3xs + waxy > 1)
L1,L2,Tr3,T4

subject to a1 4+ a2+ 23+ 14 < X
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Example: Portfolio Selection Problem

e Assets with uncertain rate of return w;~pr;(w),i =1, ..., 4

e x; invested money in asset i

e Success = Achive a return higher than "r*"
= {w1x1 + WXy + W3X3 + WXy =77}

x

level set of ploynomial in terms of design and uncertain parameters

Chance Optimization

maximize Probability(wiz1 + woo + w3xs + waxy > 1)
L1,L2,Tr3,T4

subject to a1 4+ a2+ 23+ 14 < X

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Portfolio Selection Problem

e Assets with uncertain rate of return w;~pr;(w),i =1, ..., 4

e x; invested money in asset i

e Success = Achive a return higher than "r*"
= {w1x1 + WXy + W3X3 + WXy =77}

A

level set of ploynomial in terms of design and uncertain parameters

Chance Optimization

maximize Probability(wiz1 + woo + w3xs + waxy > 1)
L1,L2,Tr3,T4

subject to a1 4+ a2+ 23+ 14 < X

Chance Constrained Optimization

minimize X1+ o + I3+ x4
L1,X2,Tr3,T4

subject to Probability(wiz1 + woxe + w3xs +waxry >17) > 1— A
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Example: Obstacle Avoidance

* Probabilistic Dynamical Model e Unsafe Sets

Tht1 = fg’mqujk’%) Xobs; = {SE :pobsf,;(x) < 0}7 1=1,...,¢

states in?outs Probabilistic Uncertainty
~ probability distribution
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Example: Obstacle Avoidance

* Probabilistic Dynamical Model e Unsafe Sets

Tht1 = fg’mqukju%k) Xobs; = {SB :pobsf,;(x) < 0}7 1=1,...,¢

states in?outs Probabilistic Uncertainty
~ probability distribution

» Given probabilistic x; and probabilistic uncertainty wy
e Safe Sets

Xsafe = 1T Povs; (x) >0 ,i=1,..., 0}

maximize Prob(xii1 € Xsa fe)

W
subject to  xp4+1 = f(ak, Uk, wk)

ur €U
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Example: Obstacle Avoidance

e Probabilistic Dynamical Model e Unsafe Sets

Tht1 = fg’mqukju%k) Xobs; = {SB :pobsf,;(x) < 0}7 1=1,...,¢

states in?outs Probabilistic Uncertainty
~ probability distribution

» Given probabilistic x; and probabilistic uncertainty wy
e Safe Sets

Xsafe = 1T Povs; (x) >0 ,i=1,..., 0}

maximize Prob(xp1 € mee)

W
subject to  xp4+1 = f(ak, Uk, wk)

ur €U

Chance Optimization:

maximize Prob(f(zg,ur, wr) € Xsafe)
Up

subject to wup € U
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Example: Obstacle Avoidance

* Probabilistic Dynamical Model e Unsafe Sets

Tht1 = fg’mqujk’%) Xobs; = {SE :pobsf,;(x) < 0}7 1=1,...,¢

states in?outs Probabilistic Uncertainty
~ probability distribution

» Given probabilistic x; and probabilistic uncertainty wy
e Safe Sets

Xsafe = 1T Povs; (x) >0 ,i=1,..., 0}

maximize Prob(xp1 € mee)

Ul

subject to  xp4+1 = f(ak, Uk, wk)

U
kU Success: level set of ploynomials in terms of design and uncertain parameters |
Chance Optimization: ( ) \
maﬁimize Prob(f(z, ur, wr) € Xsafe) maximize Prob ( Pobs; (f (Tg,up,wg)) > 0\“-2:1 )
k k
subject to wup € U : subject to up €U l l

uncertain parameters

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Example: Obstacle Avoidance

e Probabilistic Dynamical Model e Unsafe Sets

Tht1 = fg’mqukju%k) Xobs; = {SB :pobsf,;(x) < 0}7 1=1,...,¢

states in?outs Probabilistic Uncertainty
~ probability distribution

» Given probabilistic x; and probabilistic uncertainty wy
e Safe Sets

Xsafe = 1T Povs; (x) >0 ,i=1,..., 0}

maximize Prob(xii1 € Xsa fe)

Ul

subject to  xp4+1 = f(ak, Uk, wk)

ur €U
Chance Optimization: minimize ||ug|3 Chance Constrained
maximize Prob(f(zg,ur,wr) € Xsafe) uk Optimization
up, subject to
subject to wuy € U Prob(f(xk, uk, wk) € Xsafe) > 1 —A
up €U
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Example: Obstacle Avoidance

e Probabilistic Dynamical Model

Lh+4+1 = fg,mka Z‘flkv ("%IC)

states’ inputs |

e Unsafe Sets

Xobs; — {IL‘ :pobs,,;(aj) < 0}, 1 =1,...,¢

Probabilistic Uncertainty

~ probability distribution

» Given probabilistic x; and probabilistic uncertainty wy

maximize
"

Prob(xyi1 € Xsafe)

subject to  xp4+1 = f(ak, Uk, wk)

e Safe Sets
Xsafe — {37 :pobs,,;(aj) >0 a?:

—1,..

!

up €U Examples in pages 94, 140, 143
Chance Optimization: minimize ||ug| ]g Chance Constrained
. . Ui e e .
maximize Prob(f(zg,ur,wr) € Xsafe) , Optimization
up, subject to
subject to wuy € U Prob(f(xk, uk, wk) € Xsafe) > 1 —A
up €U

Fall 2019
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Risk Aware Optimization

Success: Described with level sets of polynomials in terms of design parameters and
uncertain parameters

Chance Optimization

maximize Probability (Success( design parameters, probabilistic uncertainty))
design parameters

subject to Constraints(design parameters)

Chance Constrained Optimization

minimize Objective Function(design parameters)
design parameters

subject to Probability(Success( design parameters, probabilistic uncertainty)) > 1 — A

Acceptable risk level
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Risk Aware Optimization

Mathematical Formulation:

Chance Optimization Success Set
A
( \
maximize Probability,,( pi(z,w) >0, i =1,...,n; )
TrER™
subject to g;(z) >0, i =1,...,n,
Chance Constrained Optimization
miileig}jze p (x ) SuccesAs Set
( \
subject to Probabilitypr(w)( gi(x,w)>0,i=1,...,n, ) >1—-A

Fall 2019
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Topics

» Formulation of Chance Optimization and Chance Constrained Optimization

__» Geometrical Interpretation |
» Challenges
» Moment Based SDP for Chance Optimization
» Dual of Moment-SDP (Sum-of-Squares Program)
» SOS Based SDP for Chance Constrained Optimization

» Outer and Inner approximations of Chance Constrained Sets
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Chance Constrained / Chance Optimization
» Geometrical Interpretation
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Example: Portfolio Selection Problem

e Assets with uncertain rate of return @1 € [l usl ~ pri(wq)
wy € [l uy] ~pry(w,)

e X;invested money in asset i

 Success = Achive a return higher than "r*" = {w1x; + w,x, =77}
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Example: Portfolio Selection Problem

e Assets with uncertain rate of return  ®1 € [l usl ~ pri(wq)
wy € [l uy] ~pry(w,)

e X;invested money in asset i

 Success = Achive a return higher than "r*" = {w1x; + w,x, =77}

pr2(w2)
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Example: Portfolio Selection Problem

e Assets with uncertain rate of return  ®1 € [l usl ~ pri(wq)
wy € [l uy] ~pry(w,)

e X; invested money in asset i

e Success = Achive a return higher than "r*" = {w1x; + w,x, =17}

» For given design parameters x; and x5 :
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Example: Portfolio Selection Problem

e Assets with uncertain rate of return %1 € [l us] ~pri(wy)

wy € [l; upy] ~ pry(ws)

e X;invested money in asset i

 Success = Achive a return higher than "r*" = {w1x; + w,x, =77}

» For given design parameters x; and x5 :

Prob{Success} = pry(w1)pry(w,)dw dw,
WX +wyx52r*
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Example: Portfolio Selection Problem

e Assets with uncertain rate of return %1 € [l us] ~pri(wy)

. . . wy € [l uy] ~pry(w,)
* X invested money In asset 1

 Success = Achive a return higher than "r*" = {w1x; + w,x, =77}

» For given design parameters x; and x5 :

Prob{Success} =f pry(w1)pry(wy)dw,dw, :j

* * k . * * k
W1Xq+WrXy2T pdf representation W1Xq+wWrXy2T

d.uwldﬂwz Measure representation

Sx) = {(wy, w2): X1 wq
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Example: Portfolio Selection Problem

e Assets with uncertain rate of return %1 € [l us] ~pri(wy)

wy € [l; upy] ~ pry(ws)

e X;invested money in asset i

 Success = Achive a return higher than "r*" = {w1x; + w,x, =77}

» For given design parameters x; and x5 :
Prob{Success} = f

WX +wyx52r*

pTry (wl)prz (wz)dwldwz = j d.uwldﬂwz Measure representation

. * * *
pdf representation W1X1+twWyXy2T

Sx*) = {(w1, w2): X{ w1 +x; wy =717}
ll S(l)l SU1;l2 S(l)z SUZ

Projection of “Success Set” onto uncertainty space
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Example: Portfolio Selection Problem
e Assets with uncertain rate of return @1 € [l usl ~ pri(wq)
wy € [l uz] ~pry(wy) 1]

(1)1!7 wW-

e X; invested money in asset i

* Success = Achive a return higher than "r*" = {w{x; + wy,x, = 17} W 01X + W%,

» For given design parameters x; and x5 :

Prob{Success} = pry(w1)pry(w,)dw dw,
WX +wyx52r*

» To increase the probability of success, we need to
increase the size of set S(x*) with respect to the

probability distribution of uncertainties pr;(w;)
e, x;, x5 T

Sx*) = {(w1, w2): X{ w1 +x; wy =717}
ll S(l)l SU1;l2 S(l)z SUZ

Projection of “Success Set” onto uncertainty space
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Example: Probabilistic Safety Constraint

Design parameter x should satisfy the probabilistic safety constraint:

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Probabilistic Safety Constraint
Design parameter x should satisfy the probabilistic safety constraint:
e Success Set = {p(x,w) =0}  p(z,w)=05w (Lﬂ +(z— 0.5)2’) - (w w2z —0.5)2 + (z — 0.5)4)

A

maximize  Probability,, . ( p(z,w) > 0)

T

subject to g(z) >0
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Example: Probabilistic Safety Constraint

Design parameter x should satisfy the probabilistic safety constraint:
e Success Set = {p(x, a)) > O} p(r,w)=0.5w (wQ + (r — 0.5)2) — (w4 + w?(x — 0.5)2 + (x — 0.5)4)

maximize  Probability,, . ( p(z,w) > 0)

T

subject to g(z) >0

» For given design parameters x”*

> S(x") = {p(x", w) = 0} Prob{Success} = L (x*)pr(w)dw

Projection of “Success Set” onto uncertainty space
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Example: Probabilistic Safety Constraint

Design parameter x should satisfy the probabilistic safety constraint:
e Success Set = {p(x, a)) > O} p(r,w)=0.5w (wQ + (r — 0.5)2) — (w4 + w?(x — 0.5)2 + (x — 0.5)4)

maximize  Probability,, . ( p(z,w) > 0)

T

subject to g(z) >0

» For given design parameters x”*

S(x*) ={p(x*,w) =0} Prob{Success} = f pr(w)dw
> S(x*)
Projection of “Success Set” onto uncertainty space
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Risk Aware Optimization

Chance Optimization

m&}C}{EiIg}Lize Probability,, . ( pi(z,w) =20, i=1,...,n; )

subject to g;(z) >0, i =1,...,n,

NS

> Find x € {g;(x) = 0,i =1,..,n,} to maximize Prob{Success} = j pr(w)dw
S(x)

where S(x) = {w: p;(x",w) =0,i =1,..,n,}

Projection of “Success Set” onto uncertainty space
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Risk Aware Optimization

Chance Constrained Optimization

minitnize p(x)

subject to  Probability,. . ( gi(z,w) >0, i=1,...,ny ) > 1 —

A

» Find set of design parameters Xcc such that

Forany =™ € Xcc Prob{Success} =j
S(x*)

where S(x*) = {g;(x", w)

pr(w)dw =1 —A

>0,i =1, ...,ng}

Fall 2019
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Risk Aware Optimization

Chance Constrained Optimization

minitnize p(x)

subject to  Probability,. . ( gi(z,w) >0, i=1,...,n, ) >1-A

» Find set of design parameters Xcc such that

Forany =% € Xcc Prob{Success} = j pr(w)dw =1 —A
S(x*)

Chance Constrained Set where S(x*) = {g;(x", w) 2 0,i =1, "-rng}
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Risk Aware Optimization

Chance Constrained Optimization

Deterministic optimization:

minitnize p(x)

subject to  Probability,. . ( gi(z,w) >0, i=1,...,ny ) > 1 —

> minimize  p(x)
rER™

subject to T € X

» Find set of design parameters Xcc such that

Forany =% € Xcc Prob{Success} = j pr(w)dw =1 —A
S(x*)

Chance Constrained Set where S(x*) = {g;(x", w) 2 0,i =1, "-rng}
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Example: Probabilistic Safety Constraint

Design parameter x should satisfy the probabilistic safety constraint:
e Success Set = {g (x, w) > O} g(r,w)=0.5w (wz + (z — 0.5)2) — (w4 + w?(x — 0.5)2 + (z — 0.5)4)

minimize p(x)

subject to  Probability . ( g(z,w) >0 ) >1-A

x Prob{Success} = j pr(w)dw =1 —A

> CU E XCC I:> S(X*)

where S(x*) = {g(x*, w) = 0}
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Risk Aware Optimization

Chance Constrained Optimization

Deterministic optimization:

minitnize p(x)

subject to  Probability ., ( gi(z,w) >0, i =1,...,n, ) > 1 —

> minimize  p(x)
rER™

~ T
A_L

subject to T € Y

A

» Find set of design parameters X cc such that

Forany =™ € Xcc Prob{Success} = j pr(w)dw =21 —A N
S(x*)

h .
- Chance Constrained Set where S(x*) = {g;(x*, @) = 0,i = 1, g}

S B
N

Chance Constrained Set: i
> {z € R": Prob(Success) > 1 — A) semialgebraic set approximation Yoo = {m c R - 73(517) > 1 A}

>
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Topics

» Formulation of Chance Optimization and Chance Constrained Optimization
» Geometrical Interpretation

. » Challenges

~ 5 Moment Based SDP for Chance Opfimization” ~~~ =~ T
» Dual of Moment-SDP (Sum-of-Squares Program)
» SOS Based SDP for Chance Constrained Optimization

» Outer and Inner approximations of Chance Constrained Sets
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Chance / Chance Constrained Optimization
» Challenges
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Chance Optimization

m%:éiﬁr}bize Probability,, . ( pi(z,w) >0, i=1,...,n; )

subject to g;(x) >0, i =1,...,n,

Objective function and constraints are polynomial functions.
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Existing Methods For Chance/Chance Constrained Optimization:

» Sampling based Approaches

A. Nemirovski and A. Shapiro, Scenario approximations of chance constraints, in Probabilistic and Randomized Methods for Design under Uncertainty,
Springer, New York, pp. 3—48, 2004.

R. Tempo, G. Calafiore, and F. Dabbene, Randomized Algorithms for Analysis and Control of Uncertain Systems, Communications and Control Engineering
Series, Springer-Verlag, London, 2013.

> Particular Classes of Constraints and Uncertainties

* Linear Chance Constraints with Gaussian Uncertainties

H. Xu, C. Caramanis, and S. Mannor, Optimization under probabilistic envelope constraints, Oper. Res., 60 pp. 682—699, 2012.

C. M. Lagoa, X. Li, and M. Sznaier, Probabilistically constrained linear programs and risk-adjusted controller design, SIAM J. Optim., 15 (2005), pp. 938-951.

e (Convex Constraints:

A. Nemirovski, A. Shapiro , “Convex Approximations of Chance Constrained Programs”, SIAM J. OPTIM., Vol. 17, No. 4, pp. 969-996, 2006.
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In This Lecture

» We develop a comprehensive approach to address a general class of Chance and Chance Constrained
Optimizations.

» Provided approach deals with:

* Nonlinear/Linear Chance Constrained/Chance Optimizations.
e Bonded and Unbounded Probabilistic Uncertainties.

» Provided approach relies on

e Measure-Moment SDP
e Duality of Measure-Moment SDP
e Sum-Of-Squares Programming

* Ashkan Jasour, Necdet S. Aybat, and Constantino Lagoa, “Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on
Optimization, 25(3), 1411-1440, 2015.

e Ashkan Jasour, "Convex Approximation of Chance Constrained Problems: Application in Systems and Control", School of Electrical Engineering and Computer Science,
The Pennsylvania State University, 2016.
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Chance Optimization Chance Constrained Optimization

maximize  Probability  ( pi(x,w) >0, 1 =1,....n.

CRN Ypi (vd)( pi(z,w) = 0, ERD minimize p(x)
zeR™

subject to  gi(z) >0, i=1,...,n, subject to  Probability, () ( gi(v,w) >0, i=1,...,ny ) 21— A

Objective function and constraints are polynomial functions.

Goal: Find Convex Relaxations

Tools:

i) Measure (e.g. probability distribution) and Moments
ii) Sum-of-Squares Programming

iii) Semidefinite Programs (SDP)
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Topics

» Formulation of Chance Optimization and Chance Constrained Optimization
» Geometrical Interpretation
» Challenges

___» Moment Based SDP for Chance Optimization_ _ _ _ _ _ _ _ _ _ _ ________ i
» Dual of Moment-SDP (Sum-of-Squares Program)
» SOS Based SDP for Chance Constrained Optimization

» Outer and Inner approximations of Chance Constrained Sets
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Chance Optimization
> Moment SDP Formulation
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Chance Optimization

m&}C}(EiIg}Lize Probability,, . ( pi(z,w) =20, i=1,...,n; )

subject to g;(z) >0, i =1,...,n,

Tools: i) Measure and Moments ii) Semidefinite Programs

» We will follow the same steps described in Lecture 4 (moment SDP for deterministic Optimization).

» We will consider uncertain parameters at each steps.
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Chance Optimization

me}céiﬁr%ize Probability,, . ( pi(z,w) =20, i=1,...,n; )

subject to g;(z) >0, i =1,...,n,

Tools: i) Measure and Moments ii) Semidefinite Programs

Chance
Optimization

Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of Probability Distributions (measures)

Step 2: Infinite-dimensional SDP
Reformulate Problem of Step 1 in terms of Moments (higher order statistics)

Step 3: Finite SDP
Truncate matrices of SDP of Step 2 (truncated moments)

AN

Infinite

LP
Infinite
SDP

~ =

SDP

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Review of Measure and Moment Approach for Nonlinear Optimization

P* =minimize p(m) e Unconstrained Optimization » Constrained Optimization
rc) Q=R" QO=K={recR":gi(x)>0.i=1.....m}
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Review of Measure and Moment Approach for Nonlinear Optimization

P* =minimize p(x) e Unconstrained Optimization » Constrained Optimization
rc) Q=R" QO=K={recR":gi(x)>0.i=1.....m}

Optimization in terms of Probability distributions (measures):

» treat x as a random variable.  Decision variable: [l Probability measure associated with x
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Review of Measure and Moment Approach for Nonlinear Optimization

P* =minimize p(x) e Unconstrained Optimization » Constrained Optimization
rc) Q=R" QO=K={recR":gi(x)>0.i=1.....m}

Optimization in terms of Probability distributions (measures):

» treat x as a random variable.  Decision variable: [l Probability measure associated with x

» Infinite dimensional Linear Program in measures
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Review of Measure and Moment Approach for Nonlinear Optimization

P* =minimize p(x) e Unconstrained Optimization » Constrained Optimization
rc) Q=R" QO=K={recR":gi(x)>0.i=1.....m}

Optimization in terms of Probability distributions (measures):

» treat x as a random variable.  Decision variable: [l Probability measure associated with x

» Infinite dimensional Linear Program in measures

e Optimal solution: z* ¢ Q ,p(a*) =P" e, i=1,...r,p(x*)="P
Unique global optimal solution of the original problem. r global optimal solution of the original problem.
* r _ r _
U= Opr S Z@:] Biégj*% Bi >0, 21521 B =1

1(51‘ * _-{31 (S:J.‘ *1 t

k|

.

v
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Review of Measure and Moment Approach for Nonlinear Optimization

P* —minimize p(x) * Unconstrained Optimization * Constrained Optimization
x€e Q=R" Q=K={reR":¢;(x) >0, i=1,....m}

Optimization in terms of Probability distributions (measures):

» treat x as a random variable.  Decision variable: [l Probability measure associated with x

» Infinite dimensional Linear Program in measures

e Optimal solution: z* ¢ Q ,p(a*) =P" e, i=1,...r,p(x*)="P
Unique global optimal solution of the original problem. r global optimal solution of the original problem.
* r _ r _

1(51"*

Optimization in Truncated Moment Space
» Approximate measure with a finite moment sequence. y, = E,, (2]

> ) ¢ donK Moment Matrix
Moment representation of a measure supported on > M, (U) = ()

Localizing Matrix

Mu(g;y) = 0

Fall 2019
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Review of Measure and Moment Approach for Nonlinear Optimization

P* —minimize p(x) * Unconstrained Optimization * Constrained Optimization
e Q=R" Q=K={reR":¢;(x) >0, i=1,....m}

Optimization in terms of Probability distributions (measures):

» treat x as a random variable.  Decision variable: [l Probability measure associated with x

» Infinite dimensional Linear Program in measures

e Optimal solution: z* ¢ Q ,p(a*) =P" e, i=1,...r,p(x*)="P
Unique global optimal solution of the original problem. r global optimal solution of the original problem.
* r _ r _

1(51‘*

Optimization in Truncated Moment Space
» Approximate measure with a finite moment sequence. y, = E,, (2]

> ) ¢ donK Moment Matrix
Moment representation of a measure supported on > M, (y) = ()

» Optimal solution is the moment sequence of Dirac measures.

Localizing Matrix

Mu(g;y) = 0

Fall 2019
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Review of Measure and Moment Approach for Nonlinear Optimization

P* —minimize p(x) * Unconstrained Optimization * Constrained Optimization
e Q=R" Q=K={reR":¢;(x) >0, i=1,....m}

Optimization in terms of Probability distributions (measures):

» treat x as a random variable.  Decision variable: [l Probability measure associated with x

» Infinite dimensional Linear Program in measures

e Optimal solution: z* ¢ Q ,p(a*) =P" e, i=1,...r,p(x*)="P
Unique global optimal solution of the original problem. r global optimal solution of the original problem.
* r _ r _

1(51‘*

Optimization in Truncated Moment Space

» Approximate measure with a finite moment sequence. y, = E,, [z%] B |
Moment Matrix Localizing Matrix

> Moment representation of a measure supported on K > M, (y) = () Md (gzy) > ()
» Optimal solution is the moment sequence of Dirac measures.

» Rank condition to identify the moments of Dirac measures. (Finite Convergence) » We can extract x* from the moments of Dirac measure.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Chance Optimization

Chance
o . , Obtimizati
maximize Probability ., ( pi(z,w) >0, i =1,...,n, ) L
subject to g;(z) >0, i =1,...,n,
Tools: i) Measure and Moments ii) Semidefinite Programs
Step 1: Infinite-dimensional LP Fnﬁrﬁe
Reformulate Chance Optimization problem in terms of Measures LP
Step 2: Infinite-dimensional SDP {y}
Reformulate Problem of Step 1 in terms of Moments (higher order statistics) In;'g:e
Step 3: Finite SDP ~ ~
Truncate matrices of SDP of Step 2 (truncated moments) Sbp
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Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

P* :maxillé}’lize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TECIR™

subject to g;(x) >0, i =1,...,n,

e We treat deign variables x as random variables.
e Instead of looking for “x”, we look for its probability measure.
e Two Sets of probability measures:

e Unknown Probability measure of Design parameters: x~ L,
e Given Probability measure of uncertain parameters: w~u,,

» Equivalent optimization in terms of u, and p,
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Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

P* :maxilglize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TER™

subject to g;(x) >0, i =1,...,n,

Given Success Set in (x, w) Space: Given Feasible Set:

« K={(z,w) eR" xR™: pij(z,w) >0, i=1,...,n, } x={reR":qg(x)>0,i=1,...n4}

Assumption:
e Sets K and X are Archimedean (Compact).

* and with out loss of generality ( after rescaling of polynomials) K C [—1, 1]”+m x C [—1,1]"
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Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

P* :maxilglize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TER™

subject to g;(x) >0, i =1,...,n,

Given Success Set in (x, w) Space: Given Feasible Set:

« K={(z,w) eR" xR™: pij(z,w) >0, i=1,...,n, } x={reR":qg(x)>0,i=1,...n4}

Assumption:
e Sets K and X are Archimedean (Compact).

* and with out loss of generality ( after rescaling of polynomials) K C [—1, 1]”+m x C [—1,1]"

)

Y

To avoid numerical issues in solving SDPs

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

P* :maxilglize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TER™

subject to g;(x) >0, i =1,...,n,

Given Success Set in (x, w) Space: Given Feasible Set:

« K={(z,w) eR" xR™: pij(z,w) >0, i=1,...,n, } x={zeR":g;(x) >0, i=1,..,n4}

Assumption:
e Sets K and X are Archimedean (Compact).

* and with out loss of generality ( after rescaling ofpglynomials) K C [—1, 1]”+m x C [—1,1]"

We will revisit this assumption (Noncompact Sets: Page 99)
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Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

P* :maxilglize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TER™

subject to g;(x) >0, i =1,...,n,

e K={(z,w) e R"xR": pi(z,w)>0,i=1,...n, } X:{Q’:ER”’:Q@(:C)ZO, izl,...,ng}

\” Infinite dimensional Linear Program in Measures
* . - -
P = max1mlzoum”/d,u,

w: Slack Measure

Iy : Probability Me.a.sure Assigned to x s.t. < e X e — (Upper bound measure)
U Known Probability Measure of w , -
1. X u,,: joint measure of x and @ i, 1s a probability measure

supp(pz) C X, supp(p) C K
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Interpretation of Measure LP:

Chance Optimization

P* :maxillé:t’lize Probability,, . ( pi(z,w) =20, i=1,...,n; )
T CR™

subject to g;(z) >0, i =1,....,n,

K={(r,w) e R" xR™: pi(x,w)>0,i=1,...,n,} x=1{z€R":gi(x)>0,i=1,..ng4}
Measure space
(x, w) sapce s I NG

e Measure u, with pdf pr(x)
e Measure p,, with pdf pr(w)
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




e Suppose that measure ., assigned to the x is given:

* We want to calculate the probability of success

Probability .. ( pi(z,w) >0, i=1,...n, )

Measure space

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



e Suppose that measure ., assigned to the x is given:

* We want to calculate the probability of success

Probability .. ( pi(z,w) >0, i=1,...n, )

* From the definition of the probability:

Probability . ( pi(z,w) >0, i=1,...,n, ) M‘éasure space

d(fry X
/K{ pi(z,w)>0, i=1,...;np } (b X ) » Joint probability measure of (x, w)

/ pr(z)pr(w)drdw
K

Fall 2019
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e Suppose that measure (1, assigned to the x is given: _'_f.f::_ ] jjj-_:-:_::'.ﬁ L

* We want to calculate the probability of success

Probability .. ( pi(z,w) >0, i=1,...n, )

* From the definition of the probability:

Probability . ( pi(z,w) >0, i=1,...,n, ) Measure space

d(fry X
/K{ pi(z,w)>0, i=1,...;np } (b X ) » Joint probability measure of (x, w)

/ pr(z)pr(w)drdw
K

e Measure p, with pdf pr(x)

e Measure u, with pdf pr(w)

 Measure u, X u, with pdf pr(x)pr(w)

e pr(x)and pr(w) are marginal pdf of pr(x)pr(w)
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» Probability of success in terms of 1, and p,

Probability,, . ( pi(z,w) >0, i=1,...,n, ) = / pr(z)pr(w)drdw
K

e This is a multivariate integral over the (nonconvex )set |C

e Such integral, in general, does not have a closed form solution.
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» Probability of success in terms of 1, and p,

Probability,, . ( pi(z,w) >0, i=1,...,n, )

/ pr(z)pr(w)drdw
K

e This is a multivariate integral over the (nonconvex )set |C

e Such integral, in general, does not have a closed form solution.

A |prie)

)

e To calculate this integral, we introduce a slack measure L .

 Measure u is supported on the set JC
e Measure u is equal to measure u, X 1, on the set C

Fall 2019
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» Probability of success in terms of 1, and p, AP pr(x)pr(w)

Probability . ( pi(z,w) >0, i =1,...,n, ) = / pr(z)pr(w)drdw Y | 3P (@)
K

e This is a multivariate integral over the (nonconvex )set |C

e Such integral, in general, does not have a closed form solution.

e To calculate this integral, we introduce a slack measure L .
 Measure u is supported on the set JC
e Measure u is equal to measure u, X 1, on the set C

Probability ) ( pi(z,w) >0, i=1,...,n, ) = /d,u,
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» Probability of success in terms of 1, and p, /:/%pr(x)fr(a))
g Ryt —________E_.-"" r a)
Probability . ( pi(z,w) >0, i =1,...,n, ) = / pr(z)pr(w)drdw Y P (@)
c
e This is a multivariate integral over the (nonconvex )set |C |

e Such integral, in general, does not have a closed form solution.

e To calculate this integral, we introduce a slack measure L .
 Measure u is supported on the set JC
e Measure u is equal to measure p, X i, on the set IC

S
— [ dn
| I

|

I

[ supp(p) C K

complement of set K
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» Probability of success in terms of 1, and p, AP pr(x)pr(w)

Probability . ( pi(z,w) >0, i =1,...,n, ) = / pr(z)pr(w)drdw Y | 3P (@)
K

e This is a multivariate integral over the (nonconvex )set |C

e Such integral, in general, does not have a closed form solution.

e To calculate this integral, we introduce a slack measure L .
 Measure u is supported on the set JC
e Measure u is equal to measure u, X 1, on the set C

Probability ) ( pi(z,w) >0, i=1,...,n, ) = /d,u,
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» Probability of success in terms of 1, and p, /:/%pr(x)fr(a))
g Ryt —________E_.-"" r a)
Probability . ( pi(z,w) >0, i =1,...,n, ) = / pr(z)pr(w)drdw Y P (@)
c
e This is a multivariate integral over the (nonconvex )set |C |

e Such integral, in general, does not have a closed form solution.

e To calculate this integral, we introduce a slack measure L .
 Measure u is supported on the set JC
e Measure u is equal to measure p, X i, on the set IC

Probability ) ( pi(z,w) >0, i=1,...,n, ) = /d,u,

Yo : zero-order moment of u -
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» Probability of success in terms of 1, and p, AP pr(x)pr(w)

Probability . ( pi(z,w) >0, i =1,...,n, ) = / pr(z)pr(w)drdw Y | 3P (@)
K

e This is a multivariate integral over the (nonconvex )set |C

e Such integral, in general, does not have a closed form solution.

e To calculate this integral, we introduce a slack measure L .
 Measure u is supported on the set JC
e Measure u is equal to measure u, X 1, on the set C

Probability ) ( pi(z,w) >0, i=1,...,n, ) = /d,u,
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» Probability of success in terms of 1, and p,
Probability . ( pi(z,w) >0, i =1,...,n, ) = / pr(z)pr(w)drdw
K

e This is a multivariate integral over the (nonconvex )set |C

e Such integral, in general, does not have a closed form solution.

| opropr(@)
Sev) 1“'¢pr(a»)

e To calculate this integral, we introduce a slack measure L .
 Measure u is supported on the set JC
e Measure u is equal to measure p, X i, on the set IC

Probability ) ( pi(z,w) >0, i=1,...,n, ) = /d,u,

» To construct such measure u, we solve the following optimization

m&x/du Optimal Solution

1S e X o supp(p) € K

Fall 2019
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» To maximize the probability of success:
,at the same time, we look for measure p and measure u,

maximize Probability,, ., ( pi(z,w) >0, i=1,...,n, ) =

[ e X e supp(p) € K

(L, 1S a probability measure

supp(pz) C X
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Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

P* :maxilglize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TER™

subject to g;(x) >0, i =1,...,n,

+ K={(z,w) eR" xR": pi(z,w) 20, i=1...n} y={reR":g(x)>0,i=1,...,n,}

X |Infinite dimensional Linear Program in Measures

* . - -
Pu — max1mlzoum”/du,

st g s e X

i, 1s a probability measure

supp(pz) C X, supp(p) C K
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Step 1. Infinite-dimensional LP
Reformulate Chance Optimization problem in terms of measures

P* :maxilglize Probability,, . ( pi(z,w) >0, i=1,...,n; )
TER™

subject to g;(x) >0, i =1,...,n,

+ K={(z,w) eR" xR": pi(z,w) 20, i=1...n} y={reR":g(x)>0,i=1,...,n,}

X |Infinite dimensional Linear Program in Measures

* . - -
Pu — max1mlzoum”/du,

st < e X e
u: Responsible for Probability . -
Estimation Problem {18 a probability measure
I, Responsible for Design Problem Supp(/lm) C X, supp(/l) K
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(1) Chance Optimization P* = maximize Probability,.( pi(z,w) 20, i =1,....,np )

zER™
subject to gi(r) >0, i=1,...,n, 4}
Equivalent —
@ Equivalent Problem in the measure space: P’ := maximize,, /dy’a <

Infinite dimensional LP
st = e X iy

[t 18 a probability measure

supp(pz) C x, supp(p) C K

Theorem: The optimization problems in (1) and (2) are equivalent in the following sense (Appendix I):

* Theorem 3.1: A. Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3),
1411-1440, 2015.

e A.Jasour “Finite Convergence of Moment-SDP Hierarchy for Nonlinear Chance Constrained Optimization”(to appear)
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http://epubs.siam.org/doi/abs/10.1137/140958736

(1) Chance Optimization P* = maximize Probability,.( pi(z,w) 20, i =1,....,np )

zER™
subject to gi(r) >0, i=1,...,n, 4}
Equivalent —
@ Equivalent Problem in the measure space: P’ := maximize,, /dy’a <

Infinite dimensional LP
st = e X iy

[t 18 a probability measure

supp(pz) C x, supp(p) C K

Theorem: The optimization problems in (1) and (2) are equivalent in the following sense (Appendix I):

» The optimal values are the same, i.e. P* = PZ

* Theorem 3.1: A. Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3),
1411-1440, 2015.

e A.Jasour “Finite Convergence of Moment-SDP Hierarchy for Nonlinear Chance Constrained Optimization”(to appear)
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(1) Chance Optimization P* = maximize Probability,.( pi(z,w) 20, i =1,....,np )

zER™
subject to gi(r) >0, i=1,...,n, 4}
Equivalent —
@ Equivalent Problem in the measure space: P’ := maximize,, /du’a <

Infinite dimensional LP
st = e X iy

[t 18 a probability measure

supp(ptz) C x, supp(p) C K

Theorem: The optimization problems in (1) and (2) are equivalent in the following sense (Appendix I):

» The optimal values are the same, i.e. P* = PZ

e |If 2™ € x isunique global optimal solution of the original problem,

Then ™ = J 4+ is unique optimal solution of optimization in measures.

* Theorem 3.1: A. Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3),
1411-1440, 2015.

e A.Jasour “Finite Convergence of Moment-SDP Hierarchy for Nonlinear Chance Constrained Optimization”(to appear)
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(1) Chance Optimization P* = maximize Probability,.( pi(z,w) 20, i =1,....,np )

zER™
subject to gi(r) >0, i=1,...,n, 4}
Equivalent —
@ Equivalent Problem in the measure space: P’ := maximize,, /d)u’a <

Infinite dimensional LP
St = iy X My

[t 18 a probability measure

supp(pz) C x, supp(p) C K

Theorem: The optimization problems in (1) and (2) are equivalent in the following sense (Appendix I):

» The optimal values are the same, i.e. P* = PZ

e |If 2™ € x isunique global optimal solution of the original problem,

Then ™ = J 4+ is unique optimal solution of optimization in measures.

. If ¥ € X, ¢ =1,...,7 are “r” global optimal solution of the original problem,

Then p* =31 8id_.i, B; >0,>._, 5; = lis unique optimal solution of optimization in measures.

* Theorem 3.1: A. Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3),
1411-1440, 2015.

e A.Jasour “Finite Convergence of Moment-SDP Hierarchy for Nonlinear Chance Constrained Optimization”(to appear)
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Chance Optimization
® P P* = maxiénize Probability,, ., ( pi(z,w) >0, i =1,...,n, )
relR™

subject to gi(x) >0, i=1,...,n,

(2) Equivalent Problem in the measure space: p L
,, = maximize,, ,, [ dpu,
Infinite dimensional LP '

st =< e Xy
[t 1s a probability measure

supp(pie) C X, supp(p) C K

@ Equivalent Problem in the moment space:

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



@ Equivalent Problem in the measure space:

Infinite dimensional LP

k e . . . \
P ;= maximize, / dju,

S.t. S e X g
K={(z,w) ER" xR™: pi(z,w) >0, i=1,..n,} [t 1s a probability measure
Y = {x c R™ - g@(:l?) >0.4i=1... ng} supp(pz) C x,  supp(p) C K
@ Moment Representation of Measures:
Measure: Moments:
Ho o supp(ue) €X e =1 {0 Malpa) =0 Moolgiy) = 0, 172ty =1
Measure: Moments:
i supp(u) c K M (y) =0 M (piy) = 0, \?21
Measure: Moments:

J

L X Lo

(nonnegative) measure

W

moments of joint measure u, X U, moments of u

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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@ Chance Optimization . o . ,
P* = maximize Probability,, ., ( pi(z,w) >0, i =1,...,n, )
relR™

subject to gi(x) >0, i=1,...,n, AN

@ Equivalent Problem in the measure space:

Infinite dimensional LP
S.t. < g X
[t 1s a probability measure

* . - -
P, := maximize,, , /dp',? N

supp(pz) C X, supp(p) C K

Equivalent—
@ Equivalent Problem in the moment space: V
Pom :=maximize, , o

st Ma(y) =0, Mao(piy) =
Moo (yz) 70, Moo(giy) 70, i=1,....ng, Yo, = 1
Moo (Yo X Yz —y) = 0

0, j=1,...,n,

Lemma 3.2 : A. Jasour, N. S. Aybat, and C. Lagoa "Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3), 1411—
1440, 2015.
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ey Ngy Yoy =1

N\

Relaxation

@ Equivalent Problem in the moment space:  P; _  :=maximize,, o
Infinite dimensional SDP 5.t Moo(y) 7 0, Moo(piy) 70, j=1,....m
Moo (Yo X Yo —y) = 0
@ Finite SDP in moments: P om s=maximize, . 4o
Truncated moment SDP s.t. Ma(y) =0, Ma—q, (piy) =0, j=1....,n
in terms of moment up to order 2d Ma(y.) =0, Mg_a, (giy) =0, i=1,...

Ma(Yo X Yz —y) = 0

V

angu Yry — 1

Fall 2019
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(3) Equivalent Problem in the moment space: P* _ =maximize, . Yo

Infinite dimensional SDP 88 Moo(y) 7 0, Moc(piy) 70, j=1,....m

Myo(yz) =0, Moo(giy) =0, i=1,...,ng, Yp, =1

Moo (Yor X Yo —y) = 0 A

Relaxation

@ Finite SDP in moments: P L i=maximize, . Yo {}
Truncated moment SDP s.t. Ma(y) =0, Mg—q, (piy) 70, j=1,....n

in terms of moment up to order 2d My (ys) = 0, ]\/{d—dm (i) =0, i=1,....,n4, Yo, =1

Ma(Yo X Yz —y) = 0
Theorem: P:;(liom > P P:}?om > P;?SLI% Zimd%OOP:ffom — P*

Upper bound of optimal objective function of chance optimization \

Y

monotonically converges

e Theorem 3.3 : A. Jasour, N. S. Aybat, and C. Lagoa ”Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3),

1411-1440, 2015.
e A. Jasour “Finite Convergence of Moment-SDP Hierarchy for Nonlinear Chance Constrained Optimization”(to appear

Fall 2019
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@ Equivalent Problem in the moment space:  P; _  :=maximize,, o

Infinite dimensional SDP st Moo(y) 7 0. Moc(piy) 70, j=1.....m

Moo (y2) =0, Mao(giy) =0, i=1,...,ng, Yo, =1

Moo (Yor X Yo —y) = 0 A

Relaxation

@ Finite SDP in moments: P L i=maximize, . Yo {}
Truncated moment SDP s.t. Ma(y) =0, Ma—a, (piy) =0, j=1,...,n

in terms of moment up to order 2d Ma(yz) = 0, Ma_a, (g:y) =0, i=1,....ng, Yz, =1

Ma(Yo X Yz —y) = 0
Theorem: P:fom > P P:}?om > P:}?SLI% Zimd%OOP:ffom — P~

e If x* € y is unique global optimal solution of the original problem, Then moments of 1™ = )+ is unique optimal
solution of optimization in moments. (Moment Rank Condition for finite convergence of x™ )

e Theorem 3.3 : A. Jasour, N. S. Aybat, and C. Lagoa ”Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3),

1411-1440, 2015.
e A. Jasour “Finite Convergence of Moment-SDP Hierarchy for Nonlinear Chance Constrained Optimization”(to appear

Fall 2019
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@ Equivalent Problem in the moment space:  P; _  :=maximize,, o
Infinite dimensional SDP 88 Moo(y) 7 0, Moc(piy) 70, j=1,....m
My (yo) =0, Mo(giy) =0, i=1,...,ng, Yo, =1
Moo (4o X Yz — ) = 0 VAN
1 Relaxation
@ Finite SDP in moments: P om :=maximize, , Yo | |
Truncated moment SDP st Ma(y) =0, Mg—a, (piy) =0, j=1,....m
in terms of moment up to order 2d Mgy(y.) = 0, Md_dm (giy) =0, i=1,...,ng, Yg, =1
Ma(Yo X Yo —y) = 0
+d * .
Theorem: Phom = P P:}?om > P;?SLI% szd—mopffom = P~
e If x* € y is unique global optimal solution of the original problem, Then moments of 1™ = )+ is unique optimal
solution of optimization in moments. (Moment Rank Condition for finite convergence of x™ )
e Ifz* cy, i=1,..,rare“r” global optimal solution of the original problem, Then moments of 1 =>_;_, 8i0,.i:. 5; >0
is unique optimal solution of optimization in moments. (Moment rank Condition for finite convergence of x* )

* Theorem 3.3 : A. Jasour, N. S. Aybat, and C. Lagoa ”"Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3)

1411-1440, 2015.

ptimization”(to appear

e A.Jasour “Finite Convergence of Moment-SDP Hierarchy for Nonlinear Chance Constrained O
Fall 2019
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@ Equivalent Problem in the moment space:  P; _  :=maximize,, o
Infinite dimensional SDP 88 Moo(y) 7 0, Moc(piy) 70, j=1,....m
My (yo) =0, Mo(giy) =0, i=1,...,ng, Yo, =1
Moo (4o X Yz — ) = 0 VAN
1 Relaxation
@ Finite SDP in moments: P om :=maximize, , Yo | |
Truncated moment SDP st Ma(y) =0, Mg—a, (piy) =0, j=1,....m
in terms of moment up to order 2d Mgy(y.) =0, Mgy_q,, (giy) =0, i=1,....n4, Yo, =1
Mi(yo X Yo —y) =0
*d * +d xd—+1 . d
Theorem: Pom = P P iom = Piom limg— oo Priom = P
Results for Probability Estimation Problem —
Results for Design Problem J L
e If z* € y isunique global optimal solution of the original problem, Then moments of [ = )+ is unique optimal
solution of optimization in moments. (Moment Rank Condition for finite convergence of x™ )
e Ifz* cy, i=1,.. rare“r” global optimal solution of the original problem, Then moments of 1 =>_;_, 8i0,.i:. 5; >0
is unique optimal solution of optimization in moments. (Moment rank Condition for finite convergence of x* )

e Theorem 3.3 : A. Jasour, N. S. Aybat, and C. Lagoa ”Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic Sets”, SIAM Journal on Optimization, 25(3),

1411-1440, 2015.
e A. Jasour “Finite Convergence of Moment-SDP Hierarchy for Nonlinear Chance Constrained Optimization”(to appear
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(1) Chance Optimization P* = mqrxei]{annize Probability,, . ( pi(r,w) >0, i =1,....,n, )
subject to gi(x) >0, 1=1,...,n4 0
@ Equivalent Problem in the measure space: P’ = maximize,, /du V
Infinite dimensional LP
st s e X e
(L, is a probability measure
supp(pz) C X supp(p) C K 2\
(3) Equivalent Problem in the moment space:  P* __ :—maximize,, o {}
Infinite dimensional SDP st. My (y) =0, Mc(piy) =0, j=1,....n,
Moo (ye) 70, Moo(giy) =0, i=1,....ng, Yo, =1
Mo (Yo X Yo — ) =0 ]
Relaxation
(4) Finite SDP in moments: P om =maximize, ;. 4o v
Truncated moment SDP st Ma(y) =0, Mg—a, (piy) =0, j=1,....m
ﬂ/[d(y'r) % 0j A{d_dﬂf, (g7y) % 0? 5 — 1, c ey N;qj y-‘Bo 1
Ma(Yo X Yz —y) = 0

Fall 2019

MIT 16.5498: Risk Aware and Robust Nonlinear Planning



Chance Optimization P = maxiﬂgnize Probability,, ( pi(z,w) >0, i =1,...,n; )
erE T

subject to gi(x) >0, 1=1,...,n,

Moment Relaxation (SDP)

prd :=maximize, . Yo

maorinmn
S.t. ﬂ"fd(y) =0, My_ d,, (pZJ) =0, j7g=1,... , N
Mgy(y.) = 0, ]Wd—d% (giy) =0, i=1,....ng, Yp, =1

Iy, = [2lg ) g (dea(pu())-

=~

Ma(Yo X Yz —y) = 0

2
2d > max (deg(p;(x)). deg(g:(x)))

]

@ Asd — oo Pxd

moin

L

® Finite SDP of order d: P2, is an upper bound of P*

> If obtained solution . satisfies rank condition Rank M,(y*) = Rank My_,(y%) =r v =max{d,}

xf,i=1,...,7, global solutions can be extracted by linear algebra from y

» Otherwise, increase d and solve new SDP.

e A.Jasour “Finite Convergence of Moment-SDP Hierarchy for Nonlinear Chance Constrained Optimization”(to appear)
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Example: Probabilistic Safety Constraint

o . Measure LP:
P* = maximize Probability( p(z,w) >0 )

€T

subject to —1 <<

plr,w) = 05w (w? + (2 — 0.5)%) — (w! + w? (2 — 0.5)% + (x — 0.5)%)

w~ Uniform[—1,1]

P*

Moment SDP:
P*d

mom - HIAX1MIZC,, 4 Yo

|:> st Maly) = 0. My_q,, (piy) = 0];7,

jt; 18 a probability measure Ma(y.) = 0. My_a, (giy) = 0]},

supp(p) C x,  supp(p) C K

;= maximize,, / djt,
o =< e X g

Yoo = 1
J'n"[d(yw X Ye — Y ) =0

Fall 2019
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Example: Probabilistic Safety Constraint

P* = maximize Probability( p(z,w) >0 ) Measure "Pi;,* .— maximize, ., / . M°me"_t SDP: o
i r H fal . P:fom I=IMaximize, , o Yo i
E subject to —1<xr<] [::j>> site = e X flg [::j:} s.t. ﬂﬂﬂy)%:o.ﬁfdﬁ%iﬁyy)kfﬂﬂzl E
plarw) = 05w (w? + (2 — 0.5)2) — (w! = w?(x — 0.5)% + (x — 0.5)1) Jlo 18 a probability measure Ma(ye) =0, Ma—a, (giy) = O;2 1, Yoy = 1
E w~ Uniform[—1,1] supp(pz) C X, supp(p) C K Ma(yew X ye —y) 7 0 E
o e e e e o e e e o e 2 o 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 d

Moment vector of measure U Y = [y[m|'y1(}, y()1|“y2()a Y11, y[)2|y30, Y21, Y12, y[}3|y4[]a Y31, Y22, Y13, 3}04]

Moment vector of measure U, Y: = [1. Yz1: Ya2, Va3 Yad.

, _ 1 1
Moment vector of measure fi, Yo = [1:Yuwys Yoo Yog» Yeou | = [1,0, 5,0, 5,0
Moment vector of measure [y, X fy Yotw = E[l, 2,0, 22, 2w, w?, 23, 2w, 2w?, w3, 2, 23w, 2202 1w, w?]

= [1: Yoy s Ywr s Yo s Yoy Ywi s Ywo s Yza s Yoo Ywr s Yoy Ywo s Yws s Ywa s Yoz Ywr s Yao Ywo s Yoy Yws s Yws

— [1~ Yy s 0 Yo O: %1 Yasgs O, %y:r:l ) 0: Yuys 03 éy:r:ga Oa %1
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E subject to — 1<z <1 |:> site = e X flg |:> st Ma(y) =0, My_a, (piy) = 0:,

Example: Probabilistic Safety Constraint

.. 1. Measure LP: Moment SDP:
* — v Y 7 . 3y b i ’ 1 . .
x ' o P om i=maximize, , Yo

plr,w) = 05w (w? + (2 — 0.5)%) — (w! + w? (2 — 0.5)% + (x — 0.5)%) Jlo 18 a probability measure Ma(y.) =0, Ma—a, (9iy) = O[}21. Yoy = 1
w ~ Uniform|[—1.1] supp(j,) C x,  supp(p) C K Ma(yo X Yo —y) 7 0
...................................................................................................................................................................................................................................... .
Moment vector of measure 4 v = [yoo|y10: Yo1 Y20, Y11- Yo2|Y30- Y21, Y12+ Y03 Y10, Y31+ Y22 Y13, Yo
Moment vector of measure U, Y: = [1. Yz1: Ya2, Va3 Yad.
_ , , _ 1 1
Moment vector of measure fi, Yo = [1:Yuwys Yoo Yog» Yeou | = [1,0, 5,0, 5,0
Moment vector of measure U, X U, Y.y = E[l. 2, w, 2, xw, w?, 23, 22w, rw?, Wi, ot 2w, 22w?, xwd, w?]
- [1 Yy s Ywr s Yo s Yoy Ywr s Ywo s Y s Yro Ywi s Yoy Ywo s Yws s Ywa s Yoz Ywr s Yo Ywo s Yo Yws s Ywu |
o 1 1 1 147
- [1~ y:r:l ’ 0_-. yrr:ga O: 31- y:;:gs Oa gy:r:l y 0: 3/.--:;4, 0: gy:r:ga Oa 31
Il’la‘X“y,y;I; ?/00 ool o wml yeo i w2 Moment SDP i
ol Yo ynl Wso Y2 2 i
youl oy yox|  wer o yiz Yo | 1 | I | 3 1 1 i
My(y) =0 = [ U AR T T g Mi(py) = 0= —yo1 + Y03 = Y22 T Y12 = Jyo2 F SYn — Syn+ Tyor — Yao +2y0 — SY20 — SY10 16 =0 i
yonl  Yao yo2 | Yo Mmoo Yoo i
gl oy w2l ysto Yz s i
yoz| 2 ffu:s| Yoo Iy o i
l .U..l' 1 (] Ha2 n ] ,"’II:{ E
Y Y2 0 Y3 0 /3.1 Yoo Yry Yo H
\ __ 0 0 1/3 0 1/3y, 0 , . e o e - |
Molyayg) =Moly) == 0= 0 Yot 0" sy |~ M2(y) == 0 My(y,) = 0= | Yo, Yoo Yoy | =0 Yag = 1 lya| < 1 |
0 0 1/3ym 0 1/3ms 0 Yo Yoz Yy i
1/3 1/3y. 0 1/310 0 2/5 i
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Implementation using GIoptiPon https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 1 Moment ChanceOpt

P = maxzinmize Probability( p(x,w) >0 ) P’ := maximize,,, , / dy, P, := maximize,,, , / dju,
subject to —1<x <1 Sl = e X i o St LI Ly = [y X [l
ple.w) = 05w (W + (& = 0.5)*) — (w' +w?(x = 0.5)% + (x — 0.5)") [t 18 a probability measure ftz 15 a probability measure
w ~ Uniform[-1,1] supp(pz) C x, supp(p) C K supp(pz) C x.  supp(p) C K
I—'—> Us (nonnegative) measure

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_1_Moment_ChanceOpt

Implementation using GIoptiPon https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 1 Moment ChanceOpt

P = maX;iBmize Probability( p(x,w) > 0 ) P’ := maximize,,, , / d P, := maximize,,, , / dpu

- subject to —l<e<l s ST PSb = e X s
=0 (0] - (ot 05 -0 | e s eRoLETT Tnsure 7 s @ probabily e

w ~ Uniform[—1,1] supp(pz) C x, supp(p) C K supp(fia) C X, supp(p) C K
:lji> Us (nonnegative) measure

nx=1, ng=1 x: design parameter, g: uncertain parameter

Measure p: mpol("x",nx); mpol("q",nq); mu = me618([>< Q]) y—mom(mmon([x al. 2*d))

Space x, q U Moments of,u up to order 2d
K=[0.5*q(1)*(q(1)"2+(x(1)-0.5)"2) - (q(1) 4+q(1)*2*(x(1)-0.5)"2+(x(1)-0.5)"4)]; Set K: Support of measure i

Measure [t,: mpol (“x2",nx) ;mux= meas([xm]); yx=mom(mmon([x2],2*d));
Space x Hyx Moments of u, up to order 2d

Measure pg: mpol ("x_s",nx); mpol(“g_s",nq); mu_s = meas([x_s;q_s]); y_s=mom(mmon([x_s;q_s].2*d));

Spa'ce X, q Us | Moments of pg up to order 2d
oments of uncertain parameter w (uniform distribution): yg=[1 0 0.3333 0 0.2]

M
Moments of 11, X 1, yxg= mom_xq(nx,nqd,d,yq,yx);

Construct moment SDP from measures: Opt=msdp(max(mass(mu)), mass(mux) =1,K>=0,y_s==(yxq - y),-1<=yx,yx<=1,d); msol (Opt);
max [ dy Jdu, =1 Support  , — ’ux'x Lo — [ supp(u,) < [-1,1] Solve moment SDP

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019
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Obtained result:

2558
2558 0.1330 —— Rank=1 «—— M(y)= ( {1)[5]838 0 (2]5058 ) Moment of Dirac probability
330 0.8521 U e measure l, = 0,
eigenvalues =0.0046, 1.2512

» As relaxation order d increase y(1) converges to the true probability
0.66 e y(1)

0.506. -

0.4

|
|
|
|
|
|
|
L

5

d
> (we will improve the estimated [:F)‘?%’brliablhty in Lecture 10)
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Example: Probabilistic Safety Constraint 2

P* = maximize Probability( p(z,w) >0 )

xT

subject to —1<z<1

w~ Uniform[—1,1]

0 2 . 29
— 100%2 T 400 2 0}

d=5 vy, = [1,0,0.44,0,0.19, 00, 0.08, 0,0.06, 0,0.91

Rank Test:
Rank Mg(y.) = Rank My_1(y.) ~ 2

[> X, = —0.66,x] = 0.66

0.66

-0.66

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 2 Moment ChanceOpt

Fall 2019
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Example: Control of Uncertain Nonlinear System
Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)

xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: Initial states (x1(0), x;(0), x3(0) )~pry, (%1, X2, X3)

Uncertain Parameter w(k)~p1,, (w)

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Control of Uncertain Nonlinear System
Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)

xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: |Initial states (xx; (0), x5(0), x5 (0))~prx0 (x4, X5, X3)

Uncertain Parameter w(k)~pr,, (w)

» Suppose at time k: (x1 (k), x,(k), x5 (k))~U([—O.1 ,0.1]3) w(k)~Beta(2,5)

» We want to find the control input at time k, i.e., u(k), such that states (x;(k + 1), x,(k + 1), x3(k + 1)) reach the

. . . . 12 (x1m0)\%  (x-0\%  (x3-0.9)3
neighborhood of the given way-point (0,0,0.9), i.e. a ball around the way-point 1 (—0_03) (0.02) ( i ) >0,

with a high probability.
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Example: Control of Uncertain Nonlinear System
Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)

xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: |Initial states (xx; (0), x5(0), x5 (0))~prx0 (x4, X5, X3)

Uncertain Parameter w(k)~pr,, (w)

» Suppose at time k: (x1 (k), x,(k), x5 (k))~U([—O.1 ,0.1]3) w(k)~Beta(2,5)

» We want to find the control input at time k, i.e., u(k), such that states (x;(k + 1), x,(k + 1), x3(k + 1)) reach the

. . . . . 2 (x1=0\*  (x=0\%  (x3-09)3
neighborhood of the given way-point (0,0,0.9), i.e. a ball around the way-point 1 (—0_03) (0.02) ( i ) >0,

with a high probability.

p(k+1)\°  [a(k+1)\  [zsk+1)\°
P* = maximize Probability(l—(/m( il )) —(TQ( il )> —(TB( i )) 20)

u(k)

subject to —1<u(k) <1
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Example: Control of Uncertain Nonlinear System

> (x1(k), x5 (k), x3(k))~U([-0.1,0.1]%) // w(k)~Beta(2,5)
i — th moment of Uniform([a,b]): y; = bH;_'__T'HJ' /
|
»  wi~Beta(5,2) f
- /
i — th moment of Beta(a, 3) : y; = a“?f":i Yi—1,Y0 = 1 L. — e
+8+i—1 0 a)(k) = [0,1] 1
| P — vimize Probabilite | 1 (©®)z2() P (mR)as(k)\® (120 (k) — 0.525(k) + 2u(k)\* .
(k) R 0.03 0.02 0.4 -
subject to —1<u(k)<1

(1 (k), x5 (k), x3(k))~U([-0.1,0.1]%)
w(k)~Beta(5,2)
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Example: Control of Uncertain Nonlinear System

> (g (k), x5 (k), x3(k))~U([-0.1,0.1]3) / w(k)~Beta(2,5)
i1 it /
i — th moment of Uniform(la,b]): y; = 2 +r—_i—T i I //
»  wi~Beta(5,2) f
L /
i — th moment of Beta(a, 8): y; = —2t=L g [ yg =1 f' _ g Pewsc. |
o R 0 wlk)e[01] 1

2 2 2
ol k i1l k)x: 1.2x — 0.52: 2 .
P* = masinio Pl.obabﬂity(l(w> _(m(ﬁ)m(@) _( o1 () o;?(kn u(k)) >0)

subject to —1<ulk) <1

(1 (k), x5 (k), x3(k))~U([-0.1,0.1]%)
w(k)~Beta(5,2)

________________________________________________________________________________________________________________________________________________________________________________________________________________________________________
———————
- S.

""""" u(k) = = 0.476
Rank Test: |:> (k) = yu, =
Prob of Success =y(1) =1
Rank M (y, )= Rank My (y,) =~ 1 f y
eigenvalues = 0.0273, 0.3939, 1.3324 eigenvalues = 0.0273, 1.2328 True Prob for u=0.476 obtained by Monte-Carlo =1

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 3 Moment ChanceOpt
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Noncompact Sets:
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Noncompact Sets:

Chance Optimization | 2
P* = nlegéigiizc Probability . ( pi(r,w) >0, i =1,...,n, ) 5.8
subject to gi(x) >0, i=1,..n,

=maximize, . Yo
Mq(y) =0, My—a, (piy)
My(y.) =0, Ma—q, (9:y)
Mg(Yo X Yo —y) = 0

= 0,
?

0.

SDP Relaxation

j=1,.
i=1,.

. . : IT;}})

cs Mgy Yao = 1

e K={(z,w) e R" xR™: pi(zr,w)>0,i=1,...,n, }

x={xeR":gi(x)>0,i=1,...,n,4}

Assumption: Sets [Cand X are Archimedean (implies Compactness).

Fall 2019
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Noncompact Sets:

Chance Optimization | 2
P* = nlagéi]}gr{izc Probability . ( pi(r,w) >0, i =1,...,n, ) 5.8
subject to gi(x) >0, i=1,..n,

=maximize, . Yo

M(y) = 0, My_a, (piy) = 0.
?

My(y.) =0, Ma—q, (9:y)
Mi(yw X Yz —y) = 0

0.

SDP Relaxation

j=1,.
i=1,.

. . : ITJ)})

b 3?195 yff){] — ]-

e K={(z,w) e R" xR™: pi(zr,w)>0,i=1,...,n, }

x={xeR":gi(x)>0,i=1,...,n,4}

Assumption: Sets [Cand X are Archimedean (implies Compactness).

» For unbounded uncertainty w, set K is not compact (closed and bounded).

Hence, moment machinery can not be applied directly.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Noncompact Sets:
Chance Optimization P —maximize,,. Yo SDP Relaxation

P* — Il'l&?f-Xil'{lﬁiZC Prol )dblllt\ or(w )( p{.(‘,};?w) >0, i=1,.., n, ) s.t. J\[d( ) ( 0 :U'd dp, (T)gy) = U, ] = 15 cees Np
reRr A[d(y'r) = 0, ﬂ'fd—dgi (913}) =0, 1=1,... s gy Yoy = 1

subject to gi(x) >0, i=1, ey g M ( X ) =0

« K={(z,w) eR"xR": pi(z,w)>0,i=1,..,n,} x={reR":qg(x)>0,i=1,...n4}

Assumption: Sets [Cand X are Archimedean (implies Compactness).
O S SUS ;

» For unbounded uncertainty w, set K is not compact (closed and bounded).
Hence, moment machinery can not be applied directly.

|
|
|
|
» However, we can apply the moment machinery to “moment determinant” unbounded uncertainties. :
» Probability measure is “moment determinant” if it can completely be determined by its (finite) moments. i
|
|
|
|
|
|

......................................................................................................................... y
* J.B. Lasserre, Lebesgue decomposition in action via semidefinite relaxations, Adv. Comput. Math. 42, pp. 1129-1148, 2016.

* J.B. Lasserre, Computing gaussian and exponential measures of semialgebraic sets, arXiv:1508.06132. Submitted
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Noncompact Sets:

Chance Optimization P:d —maximize,, v SDP Relaxation
s.t. My(y) = 0, My, (piy) =0, j=1,....n,
iz\"[(i(y;r:) ? 0: ﬂ'fd—dgi (91@}) ?

Mi(yw X Yz —y) = 0

P = nle?ggr{izc Proba.bilitym.(w)( pilr,w)>0,i=1,...n,)
i o ; 0, 2=1.... s Ngs Yoy = 1
subject to gi(x) >0, i=1,..n,

« K={(z,w) eR"xR": pi(z,w)>0,i=1,..,n,} x={reR":qg(x)>0,i=1,...n4}

Assumption: Sets [Cand X are Archimedean (implies Compactness).

» For unbounded uncertainty w, set K is not compact (closed and bounded).
Hence, moment machinery can not be applied directly.

|
| |
| |
| |
| |
| » However, we can apply the moment machinery to “moment determinant” unbounded uncertainties. :
| . o . g : e :
i » Probability measure is “moment determinant” if it can completely be determined by its (finite) moments. |
: |
|

| |
| |
| |
| |
| |

| » This includes the important case where probability measure is the normal distribution. (o)’
1 x-m
We can represent normal distribution using its first and second moments 3702 e 20°

g PP y
* J.B. Lasserre, Lebesgue decomposition in action via semidefinite relaxations, Adv. Comput. Math. 42, pp. 1129-1148, 2016.

* J.B. Lasserre, Computing gaussian and exponential measures of semialgebraic sets, arXiv:1508.06132. Submitted
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Topics

» Formulation of Chance Optimization and Chance Constrained Optimization
» Geometrical Interpretation
» Challenges
» Moment Based SDP for Chance Optimization
. » Dual of Moment-SDP (Sum-of-Squares Program)
| » SOS Based SDP for Chance Constrained Optimization |

L et e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e e et e e e e e e ¢ e e e ¢t e e et et ettt e e e+ e e e e _

» Outer and Inner approximations of Chance Constrained Sets
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Chance Constrained Optimization
» SOS SDP Formulation
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Risk Aware Optimization

Chance Constrained Optimization

Deterministic optimization:

minitnize p(x)

subject to  Probability ., ( gi(z,w) >0, i =1,...,n, ) > 1 —

> minimize  p(x)
rER™

~ T
A_L

subject to T € Y

A

» Find set of design parameters X cc such that

Forany =™ € Xcc Prob{Success} = j pr(w)dw =21 —A N
S(x*)

h .
- Chance Constrained Set where S(x*) = {g;(x*, @) = 0,i = 1, g}

S B
N

Chance Constrained Set: i
> {z € R": Prob(Success) > 1 — A) semialgebraic set approximation Yoo = {m c R - 73(517) > 1 A}

>

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Chance Constrained Optimization

> Semialgebraic set approximation of chance constrained set {x € R” : Prob(Success) > 1 — A}

relies on i) dual optimization of moment SDP (for chance optimization),
ii) Polynomial approximation of Indicator function.
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Dual of moment SDP

. . minimize C,T
Primal Conic Program x (e, 2)vs

subject to  A*(xz) = b

N re K*

Dual Conic Program

maximize
Y,

subject to

<ya b>V2

c—Aly) =s
s e K.

[N B S—

LP in Measure P” = maximize,,, , /dﬂ,___

S.t. U= Ux X Uy
/L 18 a probability measure

supp(pz) C X, supp(p) C K

M(K) x M(x)

C(K) x C(x)

N

Dual

space of (nonnegative) measures supported on K x space of (nonnegative) measures supported on y

space of nonnegative continuous functions on K x space of nonnegative continuous functions on y

Fall 2019
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Dual of moment SDP

. . minimize C,T
Primal Conic Program x (e, 2)vs

subject to  A*(xz) = b

N re K*

maximize  {(y,b)y,

Dual Conic Program

subject to

Yy,s

s e K.

c—Ay) = s

[N B S—

LP in Measure P” = maximize,,, , /dﬂ,___

S.t. U= Ux X Uy
/L 18 a probability measure

supp(pz) C x, supp(p) C K

M(K) x M(x)

C(K) x C(x)

N

Dual

space of (nonnegative) measures supported on K X space of (nonnegative) measures supported on y

space of nonnegative continuous functions on I x space of nonnegative continuous functions on y
A —

Pjua = minimize

BER W (x,w)eC

subject to

B

W(r,w)>1 V(z,

B / )T
8>0W(x,w) >0

w) €K

>0 Vrey

(Appendix Il)

Fall 2019
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Dual of moment SDP

) ) minimize (¢, )y, maximize  (y,b)v,
Primal Conic Program x Dual Conic Program Y,s
subject to  A*(xz) = b subject to ¢— A(y) = s

/. r e K*. s € K.

. . \/ P = 1minimize 5]
LP in Measure T = maximize,, / s, Dual ™ serw(rwec
subject to W(r,w)>1 V(r,w)eK

S.t. U= Ux X Uy

/L 18 a probability measure 8 — / W(arj w) du, >0 VYoey

supp(pz) C x, supp(p) C K '
8>0W(x,w) >0

M(K) x M(x)

space of (Il(Jl'll'l(EgéltiV{.‘-) measures Hll]ﬁ)]ﬁ]()[‘t()(l on K x space of (11()1’11’1(.’-%51ti\’(.’-) measures Hll]ﬁ)]ﬁ]()l't()(.l on

C(K) x C(x)

space of nonnegative continuous functions on I x space of nonnegative continuous functions on y
A —

» Dual optimization
e Looks for continuous function W(x,w) and scalar 3
* Minimizes scalar 5 > (

» Jisupper bound of [ W(x,w)du,
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Dual of moment SDP

) ) minimize (¢, )y, maximize  (y,b)v,
Primal Conic Program x Dual Conic Program Y,s
subject to  A*(xz) = b subject to ¢— A(y) = s

/. r e K*. s € K.

. _ P = minimize  f
LP in Measure T = maximize,, / s, Dual ™ serw(rwec

st 1= iy X i, subject to W(r,w)>1 V(r,w)eK

/L 18 a probability measure 8 — / W(a:, w) du, >0 VYoey

supp(pz) C x, supp(p) C K '
8>0W(x,w) >0

M(K) x M(x)

space of (nonnegative) measures supported on K x space of (nonnegative) measures supported on y

C(K) x C(x)

space of nonnegative continuous functions on I x space of nonnegative continuous functions on y
o ‘

> Dual optimization » From strong duality Py, =P,

* Looks for continuous function W(x,w) and scaler 3 > 3 = Probability(success)

* Minimizes scaler 5 > (

» Jisupper bound of [ W(x,w)du,
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Interpretation of the dual problem

e For a given design variable x*

Probability(Success):Pmbabﬂitypr(w)( pi(z",w) >0, i=1,...,n, )= djig

/;(C{_’*Ld) pe(l"w)ZU ?:1,711)}
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Interpretation of the dual problem

e For a given design variable x*

PrObabﬂitY(SucceSS):Probabilitypr(w)( pi(x*,w) >0, i=1,...,n, )= f dfie
{(z*,w): pi(x*,w)>0, i=1,....n, }
— /Iw Al Indicator function:
[ 1 Vw € {(z*,w): pi(z*,w) >0, i=1,...,n,}
0 otherwise
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Interpretation of the dual problem

e For a given design variable x*

PrObabﬂit}’(Success):Probabilitypr(w)( pi(x*,w) >0, i=1,...,n, )= f dpiy,
{(z*,w): pi(x*,w)>0, i=1,....n, }
= /Iw At Indicator function:
[ 1 Vw € {(z*,w): pi(z*,w) >0, i=1,...,n,}
0 otherwise
Dual optimization: jgglﬁ}g{f}e& s

subject to W(r,w)>1 VY(rw) ek
8> / W(x,w)du, Y € x

8>0W(x,w) >0

* W(x,w) >0 W(x,w)>1 V(r,w) € K

* Minimizes scalar 3 >
o 5 isupperbound of [W(x,w)du.

. Wkw)>0___ | fW(:;;___w)dpﬂw >0

Mo :probability measure
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Interpretation of the dual problem

e For a given design variable x*

PrObabﬂitY(Success):Probabilitypr(w)( pi(x*,w) >0, i=1,...,n, )= / dpi
{(z*,w): pi(x*,w)>0, i=1,....n, }
= /Iw At Indicator function:
[ 1 Vw € {(z*,w): pi(z*,w) >0, i=1,...,n,}
0 otherwise
Dual optimization: 5(;%1\},}}(1?{;4)8& s

subject to W(r,w)>1 VY(rw) ek
8> / W(x,w)du, Y € x

8>0W(x,w) >0

* W(x,w) >0 W(x,w)>1 V(r,w) € K *

* Minimizes scaler 3>
o 5 isupperbound of [W(x,w)du.

. Wkw)>0___ | fW(:;;___w)dpﬂw >0

Mo :probability measure
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Interpretation of the dual problem

e For a given design variable x*

PrObabﬂitY(SucceSS):Probabilitypr(w)( pi(x*,w) >0, i=1,...,n, )= f dpiy,
{(z*,w): pi(x*,w)>0, i=1,....n, }
— /Iw dite Indicator function:
[ 1 Vw € {(z*,w): pi(z*,w) >0, i=1,...,n,}
0 otherwise
Dual optimization: 5(;%1,},}}(1?5)8& B

subject to W(r,w)>1 VY(rw) ek
8> / W(x,w)du, Y € x

8>0W(x,w) >0

* W(x,w) >0 W(x,w)>1 V(r,w) € K

* Minimizes scaler 3>

Optimal solution Dual Opt
* 5 isupper bound of [W(z,w)du. | &

. Wkw)>0___ | fW(:;;___w)dpﬂw >0

M, :probability measure
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Interpretation of the dual problem

e For a given design variable x*

PrObabﬂit}’(Success):Probabilitypr(w)( pi(x*,w) >0, i=1,...,n, )= f dpiy,
{(z*,w): pi(x*,w)>0, i=1,....n, }
= /Iw dpts Indicator function:
[ 1 Vw € {(z*,w): pi(z*,w) >0, i=1,...,n,}
0 otherwise

. Dual optimization: jgglﬁ}g{f}e& p
| subject to W(r,w)>1 VY(rw) ek i
E B> / W(x,w)du, Yo € x i
i 5>0W(x,w) >0 |

* W(r.w)>0 W(r,w)>1 VY(r,w) €KL e For a given design variable x™:

* Minimizes scaler 3> Wt w) =1 Y(rtw) e K={(z*.w): pi(z*.w)>0,i=1,....n,}

Optimal solution Dual Opt
* 5 isupper bound of [W(z,w)du. | §<

. W(x,w) >0 [ W, w)dpy, > 0 B = W, w)dp

Mo :probability measure

W*(x*,w) =0 otherwise
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Interpretation of the dual problem

e For a given design variable x*

PrObabﬂit}’(Success):Probabilitypr(w)( pi(x*,w) >0, i=1,...,n, )= f dpiy,
{(z*,w): pi(x*,w)>0, i=1,....n, }
= /Iw At Indicator function:
[ 1 Vw € {(z*,w): pi(z*,w) >0, i=1,...,n,}
0 otherwise
Dual optimization: jgglﬁ}g{f}e& s

subject to W(r,w)>1 VY(rw) ek
8> / W(x,w)du, Y € x

8>0W(x,w) >0

* W(xr,w) >0 W(r,w)>1 V(r.w) ek * For a given design variable x*:

* Minimizes scaler 3> Wt w) =1 V(rtw)eK={(x"w): pi(rT.w) >0, i=1...n} T,

Optimal solution Dual Opt
* 5 isupper bound of [W(z,w)du. | §<

. Wrw) 20, [W(x,w)dp, >0 3" = [W*(x,w)dp. = Probability(Success)

Mo :probability measure

W*(x*,w) =0 otherwise
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Interpretation of the dual problem

e For a given design variable x*

PrObabﬂitY(Success):Probabilitypr(w)( pi(x*,w) >0, i=1,...,n, )= f dpi
{(z*,w): pi(x*,w)>0, i=1,....n, }
= /Iw At Indicator function:
[ 1 Vw € {(z*,w): pi(z*,w) >0, i=1,...,n,}
0 otherwise
Dual optimization: jgglﬁ}g{f}e& s >

subject to W(r,w)>1 VY(rw) ek

v
<
.
=~
&
—
I
S
.
=
S

8> / W(x,w)du, Y € x
8>0W(x,w) >0
* W(r.w)>0 W(r,w)>1 VY(r,w) €KL e For a given design variable x™:
* Minimizes scaler 3> Wt w) =1 V(rtw)eK={(x"w): pi(rT.w) >0, i=1...n} T,

Optimal solution Dual Opt
* 5 isupper bound of [W(z,w)du. | §<

. Wrw) 20, [W(x,w)dp, >0 3" = [W*(x,w)dp. = Probability(Success)

Mo :probability measure

W*(x*,w) =0 otherwise

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Dual of moment SDP

LP in Measure Dual P}, = minimize &

* § — Y & 2 .!
PU- = Ill&XlIl'lléQp_m__ﬂ/d‘lL,_ BER,W (z.w)€EC

St % ey X fhe subject to W(z,w)>1 V(r,w)eK

/L 1s a probability measure B — / W(z,w)du, >0 V€ x

supp(pz) C x,  supp(p) C K
B3> 0W(x,w) >0

cone of (nonnegative) measures cone of nonnegative continuous function

P}, = Pi,a = Probability(success)
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Dual of moment SDP

LP in Measure P* — mesimis ; Dual P}, = minimize
» := maximize,, , [ dp. BERW(z.0)eC

St = e X fho subject to

/L 1s a probability measure

supp(pz) C x, supp(p) C K

cone of (nonnegative) measures cone of nonnegative continuous function
# * ey
] P, = Pjua = Probability(success)
Relaxation

3

W(r,w)>1 V(rw) ek

8 /W(xzw)dliw >0 Vrey

f>0,W(x,w) >0

Moment SDP v

pd =maximizey, . Yo
s.t. My(y) =0, Mgy, (piy) =0, j=1,....m
Ma(yz) = 0, Ma—q, (9iy) =0, i=1,...,ng, Yz, =1

Mi(yy X Yz —y) =0

cone of truncated moments up to order 2d of (nonnegative) measures

Fall 2019
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Dual of moment SDP

S.t.

cone of (nonnegative) measures

A'{d(yw X Yx

—y) =0

cone of truncated moments up to order 2d of (nonnegative) measures

BeER W (x,w)eC

LP in Measure P’ = maximize,, /d;; Dual P}, = minimize

1= fly X flo subject to

/L 1s a probability measure

supp(pz) C x, supp(p) C K

cone of nonnegative continuous function

P}, = Pi,a = Probability(success)

B
W(z,w)>1 V(rw) ek
B8 — /W(’tw)duw >0 Vrey

f>0,W(x,w) >0

—

Relaxation ———

]
Relaxation
Moment SDP v Dual
*d — 1 axIT p «d e I
P = Imaximize, . yo | Foos = e B g P
s.t. Ma(y) = O Ma—a, (py) 70, §=1,...,mp subject to W(z,

%
Ma—q, (9iy) 70, i=1,...,ng, Yz, =1

N

w)—1>0 V(r,w)eK :SOS

B — /W‘rw)du >0 Ve x :SOS

g >0,W(r,w) >0 :SOS

cone of SOS poynomials up to order 2d

Fall 2019
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Dual of moment SDP

LP in Measure Dual P}, = minimize &

Pf := maximize,, /dp BER, W (,w)€EC
subject to W(z,w)>1 V(rw) ek

S.b. M= f, X

/L 1s a probability measure B— / W(z,w)dp, >0 V€ x

supp(pz) C x, supp(p) C K
B >0,W(r,w)>0

cone of (nonnegative) measures cone of nonnegative continuous function
? W*(J w) = I, () {} 5
P; _ P::kiual _ Proba.bility(success) : — f}/\/ (r,w)dp= Probdblllt} (Success) i
1 | 7w T dual & DROPADIILYSULLESS) L L T e T L T T
Relaxation Relaxation ——
Moment SDP v Dual v
P;dom =maximize, ,. Yo P;‘gs — m%nin)lize[ ] I}
BPER W (x,w)ER,|x,w
s.t. M M ;) = =1.....n ) .
a(y) 7 0, Ma- dp (I y) =0, J ’ P subject to Wz, w)—1>0 V(r,w)ecKk :S0S
Mi(yz) = 0, Mg_a, (g:y) 0, i=1,....ng, Ys, =1
My(yy, X y y) 5= 0 B — | W(x,w)du, >0 V€ x :SOS
Ld\Yw r ~
B8 > 0 W(z,w) >0 :SOS
cone of truncated moments up to order 2d of (nonnegative) measures cone of SOS poynomials up to order 2d

Pvd P*d 2 Pr()])dblllt\ (bllCC(,Hb) U A

moiIin S0Ss
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Example: Moment SDP

P* = maximize Probability( p(z,w) > 0 ) Measure Lpi:,* — maximize, / dyi. Mome"_t SDP:

i v H fa-l . P:ndom i=maximize, . Yo i

i subject to —1<xr<] |:> St = e X e |:> st Ma(y) = 0. Ma_a, (piy) = 0]\,

p(r,w) = 05w (w2 + ( — 0.5)2) — (w* + w?(x — 0.5)2 + (z — 0.5)4) jt; 18 a probability measure Ma(y.) = 0. Ma_a, (giy) = 021 yay = 1

E w~ Uniform[—1,1] supp(ft) C X, supp(p) C K Ma(yew X ye —y) 7 0 E

o o o e e e e e e e e e e e e 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 2 e d
A

» As relaxation order d increase y(1) converges to the true probability

X
0.66 |- (1)
* = — 05 osl |
:> T 0.5 0.506.4
>V c
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Example: Dual Optimization

PN obabilitv( - ) Dual SOS P . Prd = B
b= Hax e Probability( p(z,w) > 0 ) 1 rogram =08 ,Hemz,{}vlé;lnlil)lé%i[.-r.-._u;] "
subject to —1<z<1 :> subject to W(r.w)—1>0 VY(rw)eKk
plr,w) = 05w (w? + (2 — 0.5)%) — (w! + w? (2 — 0.5)% + (x — 0.5)%) 8- / Wi(x,w)dp, >0 Vo ey
w~ Uniform[—1,1] B3>0,W(r,w) >0

Obtained Results using Yalmip d = 5:

2.
0.7 T T T T T T T T
1.5
06 . —
3= 0.506 pr=J" U
; ~ 4
1 o : \
0.4 ,
[ W (@, w)dp, |
0-5‘\- 03
0.2
0. .
A 01 2 1
zt=0.5
R, 0~‘l —ClI.B -DI.'E —UI.4 ~0I.2 fil UI.E 0.I4 | O.IG U.IB 1

w

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 1 Dual ChanceOpt
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https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_1_Dual_ChanceOpt

Example: Dual Optimization

PN obabilitv( - ) Dual SOS P . Prd = B
b= Hax e Probability( p(z,w) > 0 ) 1 rogram =08 ,Hemz,{}vlé;lnlil)lé%i[.-r.-._u;] "
subject to —1<z<1 :> subject to W(r.w)—1>0 VY(rw)eKk
plr,w) = 05w (w? + (2 — 0.5)%) — (w! + w? (2 — 0.5)% + (x — 0.5)%) 8- / Wi(x,w)dp, >0 Vo ey
w~ Uniform[—1,1] B3>0,W(r,w) >0

Obtained Results using Yalmip d = 5:

25
0.?'“ T T T T T T T T
15. probability (success)
o6} -
Q% _
3= 0.506 gr=J" ey
0.5 ~ @ \
0.4
(v . brobability(success '
f w (.L, )d'u.w pro rability(success) |
03
] Upper bound on probability
01} |
r=—0.2 =1
~ A 08 056 0.4 02 0 02 04 06 08 1
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Example: Dual Optimization

N ohahilite( ) Dual SOS P . Prd = 3
P* = maximize Probability( p(r.) >0 ) wl sOsprogram:  PL0L= winimize
subject to —1<z<1 :> subject to W(r.w)—1>0 VY(rw)eKk
plr,w) = 05w (w? + (2 — 0.5)%) — (w! + w? (2 — 0.5)% + (x — 0.5)%) 8- / Wi(x,w)dp, >0 Vo ey
w~ Uniform[—1,1] B3>0,W(r,w) >0

Obtained Results using Yalmip d = 5:

2
0_}'“ T T T T T T T T
1.5~ probability (success)
WH(z,w) o :
5= 0.506
0.5 =
15 1—-A=0.45 @t \I\
. , I :
v [ W (@, w)dp, | ;
05. 0s ; !
l !
02 : !
0. I !
A I 0.1f : ! ]
I‘ | | 1
0 'Ii_ll-'h|||l- lj 0 | I I I L | L | L ;
] - —_— - 08 06 -04 02 0 0.2 0.4 0.6 1
1\T‘_ - \0 .05 !
z g 0.2 ' Outer approximation of {x € R' . Prob(Success) > 1 — A}
s

Yee = {l, c R": fW*(L,w) du, > 1 — A}
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Example: Dual Optimization

N ohahilite( ) Dual SOS P . Prd = 3
P* = maximize Probability( p(r.) >0 ) wl sOsprogram:  PL0L= winimize
subject to —1<z<1 :> subject to W(r.w)—1>0 VY(rw)eKk
plr,w) = 05w (w? + (2 — 0.5)%) — (w! + w? (2 — 0.5)% + (x — 0.5)%) 8- / Wi(x,w)dp, >0 Vo ey
w~ Uniform[—1,1] B8>0W(r,w) >0

Obtained Results us

2
0.?'“ T T T T T T T T
15. probability (success)
WH(z,w) o :
3= 0.506
05 -
T 1— A =045 i i N
04 , | :
[ W (@, w)dp, | ;
05. 0s ; !
! ;
02 : !
0. I |
5 I
i \I“” ' N
: | 1
0 Ilﬂgl '“!I"I'“"I' Bl 8 | i i i 1 i i | i _
" s s - il ol - ———g -1 -0.8 -06 -0.4 -0.2 T 0 0.2 0.4 0.6 1
~ 1 .‘_1 05 0 0.5

Outer approximation of {x € R' . Prob(Success) > 1— A}
Xee = {x ER": [W*(2,w) duy, > 1— A}
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Chance Constrained Set:

{x € R" : Prob(Success) > 1 — A} = {T eR™: [I(x), duy, > 1— A}

P =, ﬁlillill}li%) " 3
GERWI(ww)eR [r.aw .
o : ‘ o . polynomial W(x,w) = Upper bound of I (x)
subject to Wrw)—1>20 Virw) ek v '

3= [ W(r.w)dp, 20 Vaey .. . .
' / (@ w)dpes 2 rE f W(x,w)du, = Upper bound of probability for design variable x

>0 W(a,w) >0

____________________________________________________________________________________________________________________________________

N
Outer approximation: Xcc = {’r ceR": [W(x,w) duy, > 1 — A}
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Chance Constrained Set:

{x € R" : Prob(Success) > 1 — A} = {T eR™: [I(x), duy, > 1— A}

P;gs = minimize b
BeERW(z,w)ERy|x.w)] . . .
, , S . polynomial W(x,w) = Upper bound of I (x)
subject to Wrw)—1>20 Virw) ek v '

S — | W(r,w)dp, =0 Vaey .- . .
/ (@ w)dpes 2 rE f W(x,w)du, = Upper bound of probability for design variable x

3>0W(r.w) >0

____________________________________________________________________________________________________________________________________

N
Outer approximation: Xcc = {’r ceR": [W(x,w) duy, > 1 — A}

» To obtain chance constrained set, we need to find polynomial approximation of indicator function of set .

Hence, in the SOS optimization, we can directly minimize the values of W(x,w)in (x, w) space,i.c., [ W(x,w)du,,dx
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Chance Constrained Set:

{x € R" : Prob(Success) > 1 — A} = {T eR™: [I(x), duy, > 1— A}

P;gs = minimize b
BeERW(z,w)ERy|x.w)] . . .
, , S . polynomial W(x,w) = Upper bound of I (x)
subject to Wrw)—1>20 Virw) ek v '

S — | W(r,w)dp, =0 Vaey .- . .
/ (@ w)dpes 2 rE f W(x,w)du, = Upper bound of probability for design variable x

3>0W(r.w) >0

N
Outer approximation: Xcc = {’r ceR": [W(x,w) duy, > 1 — A}

» To obtain chance constrained set, we need to find polynomial approximation of indicator function of set .

Hence, in the SOS optimization, we can directly minimize the values of W(x,w)in (x, w) space,i.c., [ W(x,w)du,,dx

E P4 =  minimize / Wz, w)dpu,dx polynomial W(x,w) = Upper bound of I, (x) i
: - BERW(rw)ERy[z.w] | ' R |
| subject to W(r,w)—1>0 V(rw)eKk [ W(x,w)du, = Upper bound of probability for design variable x E
:\/ W(x,w) >0 :

Less SOS Constraints

Outer approximation: Y .. = {’r e R": fW(T,w) di, > 1 — A}
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Example: Dual Optimization

e S TS 3 r , Dual SOS Program: P4 — ninimize 3
P* = maximize Probability( p(r,) > 0 ) ram: P, = winimize
subject to —1<x<1 :> subject to W(r.w)—1>0 VY(rw)eKk
plr,w) = 05w (w? + (2 — 0.5)%) — (w! + w? (2 — 0.5)% + (x — 0.5)%) 5 - / W(z,w)dp, >0 Vo € x
w~ Uniform[—1,1] B3>0,W(r,w) >0
Obtained Results using Yalmip d = 5: polynomial W* (2, w) = Upper bound of I, (z)
2. o : :
f W(x,w)du, = Upper bound of probability for design variable x
0.?'“ T T T T T T T T
15. probability (success)
0.6} =
3= 0.506
’ - \
0.4 f
P brobability(success !
f]/\}(_;}gw)dﬁw “l)l()JiJl ity (success) |
0.3
] Upper bound on probability
01 | |
Ilﬂl“ xr=—02 x* =0.5
R G—‘l 0.8 0.6 0.4 -0.2 0 0.2 04 0.6 0.8 1
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Example: Modified SOS Program for Chance Constrained Set

P* = maximize Probability( p(z,w) >0 )
508

subject to —1<x<1

—

pr,w) = 05w (w? + (2 — 0.5)%) — (w* +w?(x — 0.5)* + (x — 0.5)%)

w ~ Uniform|[—1,1]

T P*d _

minimize

BERW (x,w)ER 4 [x,w

subject to

d=10

] /W(:{:,w)d,uwd;c

Wr.w)—12>0
W(r,w) >0

V(r,w) e K

o
probability (success)

0.6
0.5
0.4
[ W(z,w)du.. Upper bound on probability
0.3

0.2

0.1

-1 -0.8

-0.6

-0.4 -0.2 0

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 1 SOS ChanceConstrained
MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_1_SOS_ChanceConstrained

Example: Modified SOS Program for Chance Constrained Set

P* = maximize Probability( p(z,w) >0 )
T P:d =  minimize /W(:{:,w)d,uwd;l:
. BERIWW (a,w Lol w
subject to —1<x<1 BERW(w)eRalrw]
:> subject to W(r.w)—1>0 V(rw)ek
pr,w) = 05w (w? + (2 — 0.5)%) — (w* +w?(x — 0.5)* + (x — 0.5)%) Wi(r.w) >0
w ~ Uniform|[—1,1] d=10
oerd
probability (success)
0.6 —
0.5 —
04 =
[ W(x,w)du., Upper bound on probability
0.3 —
ool Probability curve obtained by Monte-Carlo |
For each x, obtain uncertainty samples and estimate
the probability of success using Monte-Carlo approach.
0
-1 0.8 0.6 0.4 0.2 0 0.2 0.4 0.6 0.8 1

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 1 SOS ChanceConstrained
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https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_1_SOS_ChanceConstrained

Example: Modified SOS Program for Chance Constrained Set

P* = maximize Probability( p(z,w) >0 )
T ' P:d =  minimize W(x,w)du,dx
SOS SR W(x.w)ER[2,w] ’ a
subject to —1<zx<1 FER,W(z.w)eRalz, :
:> subject to W(r.w)—1>0 V(rw)ek
pr,w) = 05w (w? + (2 — 0.5)%) — (w* +w?(x — 0.5)* + (x — 0.5)%) Wi(r.w) >0
w ~ Uniform|[—1,1] d=10
o
probability (success)
0.6} -
05} -
04 N
[ W(z,w)du.. Upper bound on probability
0.3} =
- : - T T~
02l Probability curve obtained by monte-Carlo - ~
2 = 1-A
I I
0.1 I / I :
: I I
I / I l i
1 ! ! .
-1 0.8 0.6 0.4 0.2 0 | 0.2 0.4 0.6 0.3 1

o {2 : Prob(Success) > 1— A}

Outer approximation : Xcc — {JZ ; fW(Lw) dpt, > 1 — A}
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Example: Modified SOS Program for Chance Constrained Set

P* = maximize Probability( p(z,w) >0 ) » o
wbjectto —1<w<1 R L
' - :> subject to W(r.w)—1>0 V(rw)ek
pr,w) = 05w (w? + (2 — 0.5)%) — (w* +w?(x — 0.5)* + (x — 0.5)%) Wi(r.w) >0
w ~ Uniform|[—1,1]
A
probability(success)
o) [ W(z,w)du, Upper bound on probability -
06— —
d=5
05— —
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Example: Modified SOS Program for Chance Constrained Set s

P* = maximize Probability( p(z,w) >0 )

T

subject to —1<x<1 |:> d=5 w |
plr,w) = {z e R?: 4+ g3 ?— a3+ 2 >0} x5 = —0.66,x; = 0.66 ;

[CwR )

1
1(]/1"1 701 — 371~ Too s

w~ Uniform[—1,1]

P:d = e {{}F:“Lr)lgh’( /W x,w)dp,dr X
subject to W(r,w)—1>0 Virw)ek

W(r.w) >0

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 2 SOS ChanceConstrained
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https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_2_SOS_ChanceConstrained

Example: Modified SOS Program for Chance Constrained Set s

P* = maximize Probability( p(z,w) >0 )

T

subject to —1<x<1 |:> d=5 w |
plr,w) = {z e R?: 1 dad—1a7— 202+ 2% >0} x; = —0.66,x]{ = 0.66 |

1 1 _ 2 29
1(]/1"1 TT = 37T~ 100°2 T 300

w~ Uniform[—1,1]

08 0.8 04 02 0 a2 04 0E 08 1 »
Pd = minimize /W r,w)dp,dr X
BERW (x,w)eRy[z,w] .
subject to W(r.w)—1>0 V(rw)ek

W(r.w) >0

probability(success)
A

[ W, w)dpe. Upper bound on prolbabilitly
ads

~
~ _ d=15

Probat;ility curve

4 0.6 D E 0 L I l I I AA | | | | L
: 1 08 06 0.4 0.2 .X' 0.2 0.4 0.6 0.8 1

https://github.com/jasour/rarnop19/tree/master/Lecture?7 ChanceOptlmlzatlon/ExampIe 2 SOS ChanceConstrained
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https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_2_SOS_ChanceConstrained

Example: Modified SOS Program for Chance Constrained Set s

P* = maximize Probability( p(z,w) >0 )

T

subject to —1<x<1 |:> d=5 w |
plr,w) ={r e R?: 1+ a3 ?— a3+ 2 >0} x5 = —0.66,x; = 0.66

1
1(]/1"1 L1 — 371 — Toods

[CwR )

w~ Uniform[—1,1]

Pd = minimize /W r,w)dp,dr X
AERW(zw)eRal Outer approximation of {x : Prob(Success) > 1 — A} :
subject to W(r,w)—1>0 Virw)ek
W(x,w) >0 Xee = {‘L : IW(‘LM) dpy, 2 1 — A}

probability(success)
A

) [ W, w)dpe. Upper bound on prolbabilitly |_|
ads

~
~ _ d=15

Probat;ility curve

4 0.6 D E 0 L I l I I AA | | | | L
: 1 08 06 0.4 0.2 .X' 0.2 0.4 0.6 0.8 1

https://github.com/jasour/rarnop19/tree/master/Lecture?7 ChanceOptlmlzatlon/ExampIe 2 SOS ChanceConstrained
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https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_2_SOS_ChanceConstrained

Example: Control of Uncertain Nonlinear System

Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)
xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: |Initial states (xx; (0), x5(0), x5 (0))~prx0 (x4, X5, X3)

Uncertain Parameter w(k)~pr,, (w)

» Suppose at time k: (x1 (k), x,(k), x5 (k))~U([—O.1 ,0.1]3) wi~Beta(2,5)

> We want to find a set of control inputs at time k that steer states (x;(k + 1), x,(k + 1), x3(k + 1)) to the neighborhood of the

“ N2 N2 Coon3
given way-point (0,0,0.9), i.e. a ball around the way-point 1% — (9;1—0:) — (22020) — (x30 :'9) > 0, with a probability greater or

equalto 1 — A.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Control of Uncertain Nonlinear System

Uncertain Nonlinear System: 1z (k + 1) = w(k)xo(k)
xo(k+ 1) =x1(k)xs(k)
r3(k+1) =1.2x1(k) — 0.5x5(k) + 2u(k)

Source of uncertainties: |Initial states (xx; (0), x5(0), x5 (0))~prx0 (x4, X5, X3)

Uncertain Parameter w(k)~pr,, (w)

» Suppose at time k: (x1 (k), x,(k), x5 (k))~U([—O.1 ,0.1]3) wi~Beta(2,5)

> We want to find a set of control inputs at time k that steer states (x;(k + 1), x,(k + 1), x3(k + 1)) to the neighborhood of the

“ N2 N2 Coon3
given way-point (0,0,0.9), i.e. a ball around the way-point 1% — (9;1—0:) — (22020) — (x30 :'9) > 0, with a probability greater or

equalto 1 — A.

U.. = {u(k) : Probability(Success) > 1 — A}

{u(k) . Probability ( 1 (‘“” E)k.‘og 1))2 - ("’”2(0%0; 1))2 - ({ES(S.I 1))2 >0 ) >1- A}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Control of Uncertain Nonlinear System

|
P:d :,Heih?., Vlvl(lflxnxnll)lé%«![“w] | / W(u, x,w)dpty,, di,, du v = [z (k), 22(k)]
subject to Wu,z.w) —1>0 VY(wzrw)ek
W(u,x,w) >0
d=3 [ W(u,x,w)dp, djis, i
Upper bound on probability
probability(success) |
1-A 1-A
Probability curve obtained by Monte-Carlo
e — (k)

Outer approximation of U.. = {u(k) : Prob(Success) > 1 —A}: {u(k): [ W(u,z,w)duy, dpp,, >1— A}

https://github.com/jasour/rarnop19/tree/master/Lecture7 ChanceOptimization/Example 3 SOS ChanceConstrained
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https://github.com/jasour/rarnop19/tree/master/Lecture7_ChanceOptimization/Example_3_SOS_ChanceConstrained

Example: Safe Control of Uncertain Nonlinear System

Consider the uncertain nonlinear system of the previous example. Unsafe set is defined as

2 2 3
X1 — 0.1 Xy — 0.1 X3 — 0.4
Xobs = { (1, %2,%3): 1% — (T) - (T (T3 ) 2 0}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Safe Control of Uncertain Nonlinear System

Consider the uncertain nonlinear system of the previous example. Unsafe set is defined as

2 2 3
X1 — 0.1 Xy — 0.1 X3 — 0.4
Xobs = { (1, %2,%3): 1% — (T) - (T (T3 ) 2 0}

* Chance constrained set for control input at time k is defined as follows:

Uece = {u(k) : Probability(z(k + 1) € Xps) > A}

2 2 o (I AN N\ 2
U, — {u(k:) : Pr(')b‘c'.tl')ility( 1 (w(fi:)azg.(;r)—().l) B (11'31(}\?)3?(;]3.(2:'1‘.)—[].1) B (1.2.171(L.)—().‘_):rg‘;(gﬂ,)—l—}u..(h)—0.4) >0 ) > A}

a
(1 (k), x5 (k), x3(k))~U([-0.1,0.1]3)
w(k)~Beta(5,2)
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Example: Safe Control of Uncertain Nonlinear System

Consider the uncertain nonlinear system of the previous example. Unsafe set is defined as

2 2 3
X1 — 0.1 Xy — 0.1 X3 — 0.4
Xobs = { (g, %2,%3): 1% — (T) - (T (T3 ) 2 0}

* Chance constrained set for control input at time k is defined as follows:

Uece = {u(k) : Probability(z(k + 1) € Xps) > A}

2 2 o (I AN N\ 2
U, — {u(k:) : Pr(')b‘c'.tl')ility( 1 (w(fi:)azg.(;r)—().l) B (11'31(}\?)3?(;]3.(2:'1‘.)—[].1) B (1.2.171(L.)—().‘_):rg‘;(gﬂ,)—l—}u..(h)—0.4) >0 ) > A}

i

(1 (k), x5 (k), x3(k))~U([-0.1,0.1]3)
w(k)~Beta(5,2)

Outer approximation:

«d e ) . ,.
Psos _deemrfl(linfuﬂyl éﬁd [,] / W, 2, w)dptes, A, du Outer approximation of U,.:
subject to Wu,z,w)—1>0 VY(u,x,w) €KX {“ e R"™: [W(u, z,w)dpy, djie, > A}
W(u,x,w) >0

Fall 2019
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1.5% |

probability (success) A I
| |
| |
| |
| |
| |
i | | N
| |
| |
| |
d=5 [ W(u, 2z, w)dp, dji, : :
Upper bound on probability : :
05} | -
Probability curve obtained by Monte—CarIoI I
A |
- e ———— = _ _ .Mr ___________
. -0.8 -0.6 -0.4 -0%2 0 0.2 0.4 0.6 0.8 1 U ( k‘)

Outer approximation of Uy.:  {u(k) : [ W(u,x,w)dpg, dp., > A}
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1.5? [ I | | | = | |

Inner approximation: ; Outer approximation: | Inner approximation:
Vu, @ Prob(x(k+1) € X,p5) <A | Vug @ Prob(x(k +1) € Xops) = A | v, : Prob(x(k + 1) € X,,,) < A

Yuy : Prab(x(k +1) € Xsafe) >1-A vy, : Prob(x(k + 1) € Xsafe) < 1— Al vy, Prob(x(k + 1) € Xgqre) =1 —A

% S~ —

1 - —
| |

d=5 [ W(u, 2z, w)dp, dji,

|
|
|
Upper bound on probability :

05}
Probability curve obtained by Monte—CarIoI

ol—— e — m— L.Mr R [ k
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1 u
o

Outer approximation of Uy.:  {u(k) : [ W(u,x,w)dpg, dp., > A}
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1.5% |

[ | I I
I o L]
Inner approximation: I Outer approximation:

Vu, : Prob(x(k+1) € X,ps) <A | Vug @ Prob(x(k + 1) € Xpps) = A
Vuy : Prob(x(k+1) € Xsafe) >1—-A

| Inner approximation:
| Yug : Prob(x(k+1) € X,ps) < A
by, Prob(x(k +1) € Xsafe) <1 -l Vuy : Prob(x(k + 1) € Xgqpe) =1 —A

| |
. —_ .

< K 1< )

L ~
| |
| |

> By obtaining the inner approximation of the set Vuy : Prob(x(k +1) € Xsafe) > 1 — A, in the next step, we just

need to solve a deterministic control problem.

» We need to design a deterministic controller that respects the obtained constraint.

A

Outer approximation of Uy.:  {u(k) : [ W(u,x,w)dpg, dp., > A}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning
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Topics

» Formulation of Chance Optimization and Chance Constrained Optimization
» Geometrical Interpretation

» Challenges

» Moment Based SDP for Chance Optimization

» Dual of Moment-SDP (Sum-of-Squares Program)

> SOS Based SDP for Chance Constralned Optlmlzatlon
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Inner Approximation of Chance Constrained Sets
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Chance Constrained Set: Inner Approximation

{z € R"™ : Prob(Success) > 1 — A}

E i = e W / Wi w)dpdi polynomial W(x,w) = Upper bound of I (x) |
i - "lqER'w("'r'v‘«')ERfJi[:r:‘w] , R :
: subject to W(r,w)—1>0 V(r,w)ek [ W(x,w)du,, = Upper bound of probability for design variable x E
E W(z.w) >0 :
:_ \l_} -:

Outer approximation: .. = {z € R": [ W(z,w) du, > 1— A}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Chance Constrained Set: Inner Approximation

{z € R"™ : Prob(Success) > 1 — A}

E prd minimize / Wz, w)dp,da polynomial W(:I;, w) = Upper bound of I, (:-L.) E
: o BER W (r,w)ER [z w] . ’ S :
| subject to W(r,w)—1>0 VY(rw)ek [ W(x,w)du., = Upper bound of probability for design variable x
: W(r,w) >0 :
:- {_l/ -:

Outer approximation: .. = {z € R": [ W(z,w) du, > 1— A}

» We can apply same methodology to the failure set

Outer approximation: ‘
{x:R" : Prob(failure) < A} > Xee = {x e R": [W(x,w) du, <A}

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Chance Constrained Set: Inner Approximation

{z € R"™ : Prob(Success) > 1 — A}

E prd minimize / W(x,w)dp,dx polynomial W(:I;, w) = Upper bound of I, (:-L.) E
: o -‘lﬁjER‘w("*'r'v‘J)ER:ﬂ [z.w] . o S :
: subject to W(r,w)—1>0 V(r,w)ek [ W(x,w)du,, = Upper bound of probability for design variable x E
E W(r,w) >0 :
:- {_l/ -:

Outer approximation: .. = {z € R": [ W(z,w) du, > 1— A}

» We can apply same methodology to the failure set

Outer approximation: ‘
{x:R" : Prob(failure) < A} > Xee = {x e R": [W(x,w) du, <A}

(L

A
Inner approximation of {x € R™ : Prob(Success) > 1 — A}
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Chance Constrained Set: Inner Approximation

{z € R"™ : Prob(Success) > 1 — A}

E prd minimize / W(x,w)dp,dx polynomial W(:I;, w) = Upper bound of I, (:-L.) E
: o -‘lﬁjER‘w("*'r'v‘J)ER:ﬂ [z.w] . o S :
: subject to W(r,w)—1>0 V(r,w)ek [ W(x,w)du,, = Upper bound of probability for design variable x E
E W(r,w) >0 :
:- {_l/ -:

Outer approximation: .. = {z € R": [ W(z,w) du, > 1— A}

» We can apply same methodology to the failure set

Outer approximation: ‘
{x:R" : Prob(failure) < A} > Xee = {x e R": [W(x,w) du, <A}

(L

A
Inner approximation of {x € R™ : Prob(Success) > 1 — A}
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Chance Constrained Set

» We need to find the “outer” approximation of the set of design parameters that results in failure

» We need to find the “inner” approximation of the set of design parameters that results in success.

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Example: Inner approximation

K=1{(z,w):plz,w) = (082 —0.1)* = 0.27w((0.82 — 0.1)? + 0.3w?)+ 0.3w?(0.82 — 0.1)% + +0.09w* > 0}

w ~ Uniform[—1,1 {x: Prob(Success) > 1— A}
abrobability
12 I [ I I ] I I
P~ ninimize /VV(:;:. ) dpida | W(x,w)dp,,; : Upper bound of probability of failure
.;‘)’El}ﬁ.,W(:fr,w)El}E.d[:1:._(4)] . ' 1
subject to W(z,w)—1>0 VY(r.w)eK
W(z,w) >0
Complement Set 08l
15 06 i 1
- Probability curve of the Success set obtjined by Monte-Carlo
o B
_ 04} } ’ <. X 4
0.5 7 N
/ \
: 1—A
05 0.2 I / ¢ _

Inner approximation of {x : Prob(Success) > 1 — A}: Xee = {zeR": [W(r.w) du, >1— A}
MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019




Example: Probabilistic Safety Constraints
Xee = {(1,72) : Prob({1 — a?

0.8

0.6

0.4

0.2

d=8,level=099: 1 — A

Outer approximation

. *
- -
o e
- -
d *e,
el s

< Inner approximatiori-,,

]
’...

2

—_ :Ij :3

—w?>0})>1-A}

d=8, level=095:1 — A

04 r

0.2

©
o)

©
o

Outer approximation

.
*a

. -
v )

" Inner approximatio

e,

)

L]

-0.5 0

Jean B. Lasserre, “Representation of Chance-Constraints With Strong Asymptotic Guarantees”, IEEE Control Systems Letters, Volume: 1, Issue: 1, 2017.
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Summary
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Chance Optimization P = maxiﬂgnize Probability,, ( pi(z,w) >0, i =1,...,n; )
erE T

subject to gi(x) >0, 1=1,...,n,

Moment Relaxation (SDP)

prd :=maximize, . Yo

i moin i
st Ma(y) =0, Mg—a, (piy) =0, j=1,....n,
Ma(y,) =0, My_q, (giy) =0, i=1,... .04, yu = 1 i
d,, = [l g, — (20 My(yo X yr —y) = 0
124 > max (deg(pi(x)). deg(gi(x))) :

@ Asd > o P4 | P

moin

® Finite SDP of order d: P4, is upper bound of P*

> If obtained solution . satisfies rank condition Rank M,(y*) = Rank My_,(y%) =r v =max{d,}

xf,i=1,...,7, global solutions can be extracted by linear algebra from y

» Otherwise, increase d and solve new SDP.
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Chance Constrained Optimization Deterministic Opt minimize p( ;c)

minimize  p(x) :> rCR™
T ER?L

subject to  Probability,, ) ( gi(z,w) 20, i=1,...,n, ) 21— A subject to = € X

SOS Programing for Chance Constrained Set

i pd — minimize /W x,w)dp,dr = d L. — :
: S0S BERW (z,w)ER [x,w)] ( J ) a PSOS :a‘?ER.{/{/}%i}I:JI)Ié%RCg[:J:.w] W(iﬁ:w‘)dﬂwdiﬁ :
E subject to Wir,w) =120 V(rw) ek subject to Wz, w)—1>0 V(r,w)ek
: W(x,w) >0 Wia.w) > 0 complement set

Chance Constrained Set {: € R” : Probability (Success) > 1 — A}

® Outer approximation : ® Inner approximation :
Xee = {x eR": [W(z,w) duy, > 1 — A} Xce = {x eR": [W(z,w) du, < A}
® As polynomial order d — oo ® As polynomial order d — o
X ce Convergences to the true chance constrained set )_(CC Convergences to the true chance constrained set

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



Chance Optimization and Dual SOS Programming

e A.Jasour, N. S. Aybat, and C. Lagoa "Semidefinite Programming For Chance Constrained Optimization Over Semialgebraic
Sets”, SIAM Journal on Optimization, 25(3), 1411-1440, 2015.
https://epubs.siam.org/doi/pdf/10.1137/140958736

e A.Jasour, "Convex Approximation of Chance Constrained Problems: Application in Systems and Control", School of
Electrical Engineering and Computer Science, The Pennsylvania State University, 2016.
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Chance Optimization and Measure-LP
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 We rewrite the chance optimization as a standard nonlinear optimization as follows:

P* =maximize F'(x)
rER™
subject to ¢gi(z) >0, i =1,...,n,

where F'(2) = Probability,, . ( pi(z,w) >0, i =1,...,n, )

Case 1: >x* € K, F(x*) = P":Unique global optimal solution of the original problem.

Case 2: > c K, i=1,..,r,F(z*) = P" r global optimal solution of the original problem.

e Equivalent LP in measures (similar to measure-LP of nonlinear optimization problems, Lecture 4, page 41)

P :ma;fceiér%ize E, [F(x)]

subject to /d,ux =1

supp(pz) Cx ={z € R" 1 gi(x) >0, i =1,...,n,4}
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Dirac Measures

» Optimal solutions in measure space are Dirac measures.

»x* € K, F(z*) = P":Unique global optimal solution of the original problem. t 0+

> = O :Optimal solution of optimization in measures.

> e K, i=1,..,r,F(z*) = P" rglobal optimal solution of the original problem.
Pt =3 30 .i. B; >0,> ., B; = 1 :0ptimal solution of optimization in measures. (r -atomic measure)

T T -
\ )’0 = 1 - yO — Z,Bi(x*i)o N 2181 — 1 A ;81 O‘Lwl f825.’1;$2
[ i=1

P =B, [F(x)] = [ F(x)du*
= [F(x) (30;_ Bib,.i)do =31 i ([ F(®)d,.i)do = 1| BiF(x*)=>_ BiP* =P O 2o

= B0 T B0,
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Appendix Il:
Dual Optimization of Measure LP
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. . ST TN
Primal Conic Program P =wminimize  (c,2)v,

D* =maximize

' Dual Conic Program Yy
A subject to  A"(x) = b subject to ¢ — A(y) = s
r e K*. s € K.
P’ := maximize, dp. \/ LOULaL N B
o M {Hbw ol D I I./J-',W(QL‘,..:J)
LP in Measure ua .
s.t. U Uz X Uy subject to w(zr,w)>1 V(r,w) €K

/L 18 a probability measure

supp(pz) C x, supp(p) C K

,8—/W(a:,w)duw >0 Vrey

B8>0W(x,w)>0
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. . ST TN
Primal Conic Program P =wminimize  (c,2)v,

A subject to  A"(z) =b
re K™,

D* =maximize (y,b)y,

Dual Conic Program

Y:s
subject to ¢ — A(y) = s
s € K.

) P’, ;= maximize,,, , /d;f,_._
LP in Measure

St = py X by ———————— U+ s = My X Uy

/L 18 a probability measure

supp(pz) C x, supp(p) C K

\/ minimize
.6‘,W oL

Dual A
subject to

3

w(r,w)>1 V(r,w) ek

,8—/W(a:,w)duw >0 Vrey

f=>0,W(x,w) =0

JIRS s € Ly €
M(K) x M(Q x x) x _j\/l(X) space of (nonnegative) measures C(K) x C(Q2 x x) x C(x) space of nomnegative continuous functions
Sucéess set gpace of ‘Space of
uncertainty  design parameters
w € N reEY
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. . ST TN
Primal Conic Program P =wminimize  (c,2)v,

A subject to  A"(z) =b

re K*.

D* =maximize

Dual Conic Program

y,s

subject to

c— Aly) = s
s e K.

) P’, ;= maximize,,, , /dp,_._
LP in Measure

N

minimize

3

I.-/J-',W(QL‘,(.:J)

Dual

St < pa X iy

—> Ut s = P X [y

w(r,w)>1 V(r,w) ek

subject to

/L 18 a probability measure

supp(pz) C x, supp(p) C K

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures

,8—/W(a:,w)duw >0 Vrey

B8>0W(x,w)>0

C(}C) X C(Q X X) X C(X) space of nonnegative continuous functions

c
v
1 I
P* =minimize (¢, z)y, —> (c.x)v; = (= [0, | 1 | )14
A U jf::
subject to  A*(z) =b__, ! ’
* . | + ps — Mg X My .
re K. A () - ] dﬁ-;r | b= [

0
1

|
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. . P* =minimize (¢, )y D" =maximize (y.b)v.
Primal Conic Program 1 Dual Conic Program s 2

A subject to  A"(x) = b subject to ¢ — A(y) =
re K™, s e K.

’ Guwiniz)... [ o A
- a s M BW(x,w
LP in Measure Dual

subject to w(r,w)>1 V(r,w) €K

s.t. S g X flyy ———————> U+ by = Uy X Ly

/L 18 a probability measure 3 — / W(z,w)dp, >0 Yo € x
supp(pz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of [HOImOgnti\-'(_‘.] measures C(}C) X C(Q X X) pd C(X) space of nonnegative continuous functions
C
N

L

1
p <C.‘- ,_’1.')1&;1 - <C=- x)Vl - (@ Of 5 [ #s )Vl
0

j”'L’
subject to  A"(z) =b 8

1 0
* . | + ps — Mg X My .
re K*.  A() = { e = H

MIT 16.5498: Risk Aware and Robust Nonlinear Planning Fall 2019



. . P* =minimize (¢, )y D" =maximize (y.b)v.
Primal Conic Program 1 Dual Conic Program s 2

A subject to  A"(x) = b subject to ¢ — A(y) =
re K™, s e K.

’ Guwiniz)... [ o A
- a s M BW(x,w
LP in Measure Dual

subject to w(r,w)>1 V(r,w) €K

s.t. S g X flyy ———————> U+ by = Uy X Ly

/L 18 a probability measure 3 — / W(z,w)dp, >0 Yo € x
supp(pz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of [HOImOgnti\-'(_‘.] measures C(}C) X C(Q X X) pd C(X) space of nonnegative continuous functions
C
N

1

1 [
* c,r)y, — (C.T)y, = s | ) v * M + Hs — Hg X Hw
P < ) >'v1 < .-‘]j)‘_l (@ 8 | M )Tl :I> A (.) — [ fdM:L ]

j”'L’
subject to  A"(z) =b 8

1 0
* . | + ps — Mg X My .
re K*.  A() = { e = H
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. . P* =minimize (¢, )y D" =maximize (y.b)v.
Primal Conic Program 1 Dual Conic Program s 2

A subject to  A"(x) = b subject to ¢ — A(y) = s
re K™, s e K.

o ,
- s \/ minimize 3
P/, := maximize,, , /dp,_._ ual BW(z.w)

LP in Measure .
subject to w(r,w)>1 V(r,w) €K

St = py X by ———————— U+ s = My X Uy

/L 18 a probability measure 3 — / W(z,w)dp, >0 Yo € x
supp(piz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures C(}C) X C(Q X X) X C(X) space ol nonnegative continuous functions

HE  py € € )
Linear Map A*(.) : Vi = M(K) x M(Qx x) x M(x) = V" = M(Qx y) xR AT() = - [ [ dpy
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. . ST TN
Primal Conic Program P =wminimize  (c,2)v,

N

subject to  A"(z) =b
re K™,

D* =maximize (y,b)y,

Dual Conic Program

Y:s
subject to ¢ — A(y) = s
s € K.

LP in Measure

* - —_— Y - 3 .r
P, := maximize,, , / djt.

S.t.

\/ minimize

P e X g ———————> [+ Us = [y X [y

subject to

/L 18 a probability measure

supp(piz) C x,  supp(p) C K

3
w(r,w)>1 V(r,w) ek
3 — /W(:r,,w)duw >0 Vrey

B8>0W(x,w)>0

C(}C) X C(Q X X) X C(X) space of nonnegative continuous functions

""""

pe Hs € Ma

""""

MIT 16.5498: Risk Aware and Robust Nonlinear Planning

Fall 2019




. . P* =minimize (¢, )y D" =maximize (y.b)v.
Primal Conic Program 1 Dual Conic Program s 2

A subject to  A"(x) = b subject to ¢ — A(y) = s
re K™, s e K.

—

o ,
B \/ minimize 3
P/, := maximize,, , /dp,_._ ual BW(z.w)

LP in Measure .
subject to w(r,w)>1 V(r,w) €K

St = py X by ———————— U+ s = My X Uy

/L 18 a probability measure 3 — / W(z,w)dp, >0 Yo € x
supp(piz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures C(}C) X C(Q X X) X C(X) space ol nonnegative continuous functions

pe Hs € Ma

""""

""""

M(Q x ) — [,u- s = e X fle | [yl;»C (€2 y) [“
f ity
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. . P* =minimize (¢, )y D" =maximize (y.b)v.
Primal Conic Program 1 Dual Conic Program s 2

A subject to  A"(x) = b subject to ¢ — A(y) = s
re K™, s e K.

—

o ,
B \/ minimize 3
P/, := maximize,, , /dp,_._ ual BW(z.w)

LP in Measure .
subject to w(r,w)>1 V(r,w) €K

St = py X by ———————— U+ s = My X Uy

/L 18 a probability measure 3 — / W(z,w)dp, >0 Yo € x
supp(piz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures C(}C) X C(Q X X) X C(X) space ol nonnegative continuous functions

...... e [ls € ua

R —— j d;u'rr UZ_—P I fs

M(Q x ) — [,u- s = e X fle | [yl;»C (Qxx) | H
o

|:4]()}E C(K)
A2 (0% y)
As(.) C(X)

A

— [ynd(p+ s — e X pro) — yo [ dpe = [ Ay (Ddp + [ As(dps + [ As(dp
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Primal Conic Program P:k :Inini{ﬂize (C_.._ :Ij)Vl ]:)"< :n-laximize <?,-' b)Vg

' Dual Conic Program y.s
A subject to  A"(z) =b subject to ¢ — A(y) = s
re K", s € K.
. P’, ;= maximize,,, , / dy, \/ Hﬁ}%lg}dz)e 8
LP in Measure Dual . .

St U= gy X by —> J -+ fls = Mo X [y subject to w(:}:,w) > 1 V(Ttu) e K

/L 18 a probability measure 3 — / W(z,w)dp, >0 Yo € x
supp(pz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of [HOImOgnti\-'(_‘.] measures C(}C) X C(Q X X) pd C(X) space of nonnegative continuous functions

- fyld'(ﬂ' + s — o X fl) — Y2 fd,u-m :f Aq(L)dp + IAQ(')dlUfs + IA3(')d/~L:r:
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. . ST TN
Primal Conic Program P =wminimize  (c,2)v,

A subject to  A"(z) =b
re K™,

D* =maximize (y,b)y,
Dual Conic Program St
subject to ¢ — A(y) = s

) P’, ;= maximize,,, , /dp,_._
LP in Measure

s e K.
\/ minimize 3

St = py X by ———————— U+ s = My X Uy

subject to w(r,w)>1 V(r,w) €K

/L 18 a probability measure

supp(piz) C x,  supp(p) C K

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures

,8—/W(m,w)duw >0 Vrey

B8>0W(x,w)>0

C(}C) X C(Q X X) X C(X) space of nonnegative continuous functions

- fyld'(ﬂ' + s — o X fl) — Y2 fd;u'.r f Aq()dp + fAZ (:)dps + IA3 (-)d s

A

—ffﬂd,u [yidps + [ yad( (fts % p1) —yo [du, = [ A(.

d/J,—l—fAz d/J“,—’—ng d/,LI
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. . ST TN
Primal Conic Program P =wminimize  (c,2)v,

A subject to  A"(z) =b
re K™,

D* =maximize (y,b)y,

Dual Conic Program y.s

subject to ¢ — A(y) = s

s e K.

) P’, ;= maximize,,, , /dp,_._
LP in Measure

\/ minimize (3

St = py X by ———————— U+ s = My X Uy

/L 18 a probability measure

supp(piz) C x,  supp(p) C K

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures

subject to w(r,w)>1 V(r,w) €K
3 — /W(:r,,w)duw >0 Vrey

B8>0W(x,w)>0

C(}C) X C(Q X X) X C(X) space of nonnegative continuous functions

_fgld(ﬂ_l_y’s — Mg X ﬂw) - T}jzfd,uf fAl d/J,—l— fAZ

— [ondp — [yrdps + [ yrd(pe X po) —y2 [ dpe = [ Aq(.
)\
. . [
— [yidp— [ yidps + [ (f yrdp) dise — yo [ e =f Ar(.

Ydp + [ As(.

Y+ [ As(.)

dﬂs + IA3 dur

o()dps + [ As(.)d s

du’s + IA3 d/vh
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Primal Conic Program D" =minimize  {c.2)y, D™ =maximize  (y,b)v,

Dual Conic Program Y.
A subject to  A"(z) =b subject to ¢ — A(y) = s
re K", s € K.
111N -
. P’, ;= maximize,,, , / dyu, \/ Hﬁ}lvrblal{dz)e 15
LP in Measure Dual . .

Sttt p X e X g ——————> o by = g X g subject to w(zr,w)>1 V(r,w) €K

/L 18 a probability measure 3 — / W(z,w)dp, >0 Yo € x
supp(piz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures C(}C) X C(Q X X) X C(X) space ol nonnegative continuous functions

— [yrd(p+ prs — o X pi) — yo [ dppe = A1 ()dp+ [ Aa()dps + [ As()dpiy
— Jydp — [yndps + [ yrd(pe < pe) — 2 [dpe = [ A1()dp + [ As()dps + [ Az(2)dp,

i_ J yld“i_ Jyidus + | (f yldl-ﬂw) dpte — y2 [ dpig —f Av(Ddp [ As(Ddps + [ As()dps

A1) =—y1ec(K)c C(Qx y)
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Primal Conic Program ! =minimize  (c.2)v, D™ =maximize  (y.0)v,

Dual Conic Program Y.
A subject to  A"(z) =b subject to ¢ — A(y) = s
re K", s € K.
111N -
. P’, ;= maximize,,, , / dyu, \/ Hﬁ}lvrblal{dz)e 15
LP in Measure Dual . .

St U= gy X Yy ——» J 4 fls = Mo X [y subject to w(:}:,w) > 1 V(Ttu) e K

/L 18 a probability measure 3 — / W(z,w)dp, >0 Yo € x
supp(piz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures C(}C) X C(Q X X) X C(X) space ol nonnegative continuous functions

- fyld'(ﬂ' + s — o X fl) — Y2 fd;u'r fAl (-)dp + fAZ (:)dps + IA3 (-)d s

— Jyndp — [yndps + [ yrd(pe X p) —y2 [ dpe = [ Ay ()du+ [ As()dps + [ As(2)dp

il el | ___________ - —————

i ]yld,u ]Jldfbsl+ | (fyld;_Lw) dpve — yo [ dpiy —f Aq (. du:'-l— [ As() dy“,-—!— [ As()dp,

Al()=—mecK)cc@xy) Az()=—yreC(xy)
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. . ST TN
Primal Conic Program P =wminimize  (c,2)v,

N

subject to A" (x)
re K™,

=b

D* =maximize (y,b)y,
Dual Conic Program St
subject to ¢ — A(y) = s

LP in Measure

* - —_— Y - 3 .r
P, := maximize,, , / djt.

s e K.
\/ minimize 3

St = py X by ———————— U+ s = My X Uy

subject to w(r,w)>1 V(r,w) €K

/L 18 a probability measure

supp(piz) C x,  supp(p) C K

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures

,8—/W(m,w)duw >0 Vrey

B8>0W(x,w)>0

C(}C) X C(Q X X) X C(X) space of nonnegative continuous functions

- fﬁf/ldﬂ — fﬁgldﬂs + fyld(um X )

A() =

- fyld'(ﬂ' + s — o X fl) — Y2 fd;u'r fAl (-)dp + fAZ (:)dps + IA3 (-)d s

—y1eC(K)cC(Qxy) As(.)=—

i}zfduf—fz‘h Jdp + [ Aa()dpus + [ As(.)dp,

______________
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Primal Conic Program ! =minimize  (c.2)v, D™ =maximize  (y.0)v,

Dual Conic Program Y.
A subject to  A"(z) =b subject to ¢ — A(y) = s
re K", s € K.
111N -
. P’, ;= maximize,,, , / dyu, \/ Hﬁ}lvrblal{dz)e 15
LP in Measure Dual . .

St U= gy X Yy ——» J 4 fls = Mo X [y subject to w(:}:,w) > 1 V(Ttu) e K

/L 18 a probability measure 3 — / W(z,w)dp, >0 Yo € x
supp(piz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures C(}C) X C(Q X X) X C(X) space ol nonnegative continuous functions

- fyld'(ﬂ' + s — o X fl) — Y2 fd;u'r fAl (-)dp + fAZ (:)dps + IA3 (-)d s

—f:md,u — Jndps + [y1d(pe X pew) —y2 [ dpe = fA1 (Vdp+ [ Aa()dps + [ As()dp

________________________

Ay() = y? cC(KycC@xx) Ax)=—mec@xy) Ay()=[ i/lduw “ Y2, €C(X) = As() = 8+ [Wla,w)dp
= R
Denoted by — T, w Denoted by — W/ (1. w € C(2 % x) Denoted by— 3
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- ; P* =minimize (¢, 2)y D @ (Y, b)v:
Primal Conic Program 1 Dual Conic Program s 2
=0 subject to ¢ — A(y) =

A subject to A" (x) =
re K*. s e K.
\/ minimize f3

P’, ;= maximize,,, , /du_._ Dual B (7,0)
subject to w(r,w)>1 V(r,w) €K

LP in Measure

St = py X by ———————— U+ s = My X Uy

/L 18 a probability measure 3 _ / W( - w) duy, >0 Vo €y
! ) g il ¥ VR,

supp(pz) C x,  supp(p) C K

B8>0W(x,w)>0

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures C(}C) X C(Q X X) X C(X) space of nonnegative continuous functions
C
=
17 [p o (. D)y, = ! } @{ }
P* =minimize (¢, x)y, —> (¢,x)v, = (= |0}, | 1s|)v; D =maximize (y.b)y, —»
subject to  A"(z) =b ! Ha subject to ¢ — A(y) = s 1 _(_W(T~ ff“)) >0 vYawek
TEI(* 4x()__ J;t.—F;(..q—,(I._.;_‘X‘iLw_ b_— 0 SE[{. - O _(_W(T,LU)) > 0 ‘-f(r w) e xy
. Al.) = ] djiy a 1 0= —3+ ’W(I.__w)(fg,{w >0 Y(r.w) €y

A() = W(r,w) € C(K) \ /

As() = W(z,w) € C(Q x y)
1/1:3()——j)+fw €Z, W (l’,‘x‘ GC(X)
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. . ST TN
Primal Conic Program P =wminimize  (c,2)v,

A subject to  A"(z) =b

re K*.

D* =fmaximize ) (y,b)y,
y.s

subject to ¢ — A(y) =
s e K.

Dual Conic Program

) P’, ;= maximize,,, , /dp,_._
LP in Measure

\/ minimize 3

Dual I.'/J-‘,W(ZI,‘,LU)

St < pa X iy

—> Ut s = P X [y

subject to w(r,w)>1 V(r,w) €K

/L 18 a probability measure

supp(pz) C x, supp(p) C K

M(K:) X M(Q X X) X M(X) space of (nonnegative) measures

,8—/W(a:,w)duw20 Vo € x
B8>0W(x,w)>0

C(}C) X C(Q X X) X C(X) space of nonnegative continuous functions

C
7 T . i = (M O
P* =minimize (¢, z)y, —> (c,2)v, = (— |0 fs | v, b T Wby ——
subject to  A*(z) =b o subject to ¢~ A@y) =5 [L|7(=W@.w)) 20 vaowcx
rc K* A*() = — Jo fhs = fla X fl h— _ se K. — |0 —(—W(T,w)) > () Vlrw) eQxy
-~ : v [ dpy 0] (—_{3 + [W(r,w)dpy) > 0 V(r,w) € x
P\

A ()= -W(x,w) € C(K)
Ax(.) = —W(z,w) € C(Q x y)
As(.) = =B+ [W(r.w)dn. € C(y)

D* _,f)’

subject to - W(x,w) > 1
W(x,w) >0
B — [W(r,w)dp, >0 V(z,w) € x

V(r,w) € K

V(r,w) € Qxx
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. . P* =minimize ((j_} T> v D* =maximize <y5 b)v_
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f=>0,W(x,w) =0

M(}C) X M(Q X X) X M(X) space of (nonnegative) measures C(}C) X C(Q X X) X C(X) space of nonnegative continuous functions
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Dual Conic Program S
A subject to  A"(x) = b subject to ¢ — A(y) = s
re K*. s e K.
- inimi 5
P* := maximize / dy, \/ MUALIMILZE £
. o Hoa o - BW(x,w)
LP in Measure Dual .
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! 24 o il 7 ¥
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