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1. Consider the following uncertain nonlinear dynamical model of a vehicle: 

𝑥𝑥0, 𝑦𝑦0, 𝜓𝜓0 = (0,0,0) 

• Control inputs 𝑢𝑢, 𝑣𝑣 𝑦𝑦 𝜓𝜓0 

• Source of Uncertainty: disturbance 𝜔𝜔 ∈ [−0.1 0.1] 

• Obstacle: 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜 = { 𝑥𝑥1, 𝑥𝑥2 : 0.252 − 𝑥𝑥12 − 𝑥𝑥2 − 0.5 2 ≥ 0 } 𝑦𝑦0 

𝑥𝑥0 𝑥𝑥 
• Motion Primitives : 

15𝜋𝜋 ∗ ∗ ∗1) 𝜓𝜓1 = 0, 𝑣𝑣1 = 1𝑚𝑚/𝑠𝑠, 𝑢𝑢1 = −50 𝜓𝜓 − 𝜓𝜓1 , 2) 𝜓𝜓2 = 𝑣𝑣2 = 1.5𝑚𝑚/𝑠𝑠, 𝑢𝑢2 = −50(𝜓𝜓 − 𝜓𝜓2∗)
180 

, 
45𝜋𝜋 90𝜋𝜋 ∗ ∗ ∗3) 𝜓𝜓3 = 𝑣𝑣1 = 2𝑚𝑚/𝑠𝑠, 𝑢𝑢3 = −50 𝜓𝜓 − 𝜓𝜓3 4) 𝜓𝜓4 = 𝑣𝑣4 = 3𝑚𝑚/𝑠𝑠, 𝑢𝑢4 = −50(𝜓𝜓 − 𝜓𝜓4∗)
180 

, 
180 

, 

Check the safety of the given motion primitives. 

Hint: Similar example on the page 33 of Lecture 8. 
2

MIT 16.S498: Risk Aware and Robust Nonlinear Planning  Fall 2019 



                                                                        

 

          
  

  

       

    

  

2. Consider the following uncertain nonlinear dynamical system 

• Source of uncertainties at time k: 𝑥𝑥1 𝑘𝑘 , 𝑥𝑥2 𝑘𝑘 , 𝜔𝜔(𝑘𝑘) ∈ Ω𝑥𝑥 = { 𝑥𝑥1, 𝑥𝑥2, 𝜔𝜔 = 0.12 − 𝑥𝑥12 − 𝑥𝑥22 − 𝜔𝜔2 ≥ 0}. 

• Goal Set: Neighborhood of the way-point 0,0.5 , i.e. a ball around the way-point 

𝑋𝑋𝑜𝑜𝑠𝑠𝑠𝑠𝑠𝑠 = { 𝑥𝑥1, 𝑥𝑥2 : 0.22 − 𝑥𝑥1 − 0 2 − 𝑥𝑥2 − 0.5 2 ≥ 0 } 

• Robust set for control input at time 𝑘𝑘 : 

i) Find the inner approximation of the robust set of control input 𝑈𝑈𝑅𝑅 using the SOS program with relaxation order 𝑑𝑑 = 4. 
ii) Obtain the Robust Set using Monte-Carlo Approach. 

Hint: Similar example on the page 64 of Lecture 8. 
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3. Consider the following uncertain nonlinear dynamical system 

• Source of uncertainties at time k: 𝑥𝑥1 𝑘𝑘 , 𝑥𝑥2 𝑘𝑘 ~𝑈𝑈( −0.1,0.1 2) 𝜔𝜔𝑘𝑘~𝑁𝑁 𝑚𝑚, 𝜎𝜎 , 𝑚𝑚 ∈ −0.1,0.1 , 𝜎𝜎 ∈ [0.1,0.3] 

• Unsafe set: 𝑋𝑋𝑜𝑜𝑜𝑜𝑜𝑜 = { 𝑥𝑥1, 𝑥𝑥2 : 0.32 − 𝑥𝑥1 − 0.2 2 − 𝑥𝑥2 − 0.3 2 ≥ 0 } 

• Distributionally Robust Chance constrained set for control input at time 𝑘𝑘: 

i) Find the inner approximation of the set 𝑈𝑈𝐷𝐷𝑅𝑅 using the SOS program with relaxation order 𝑑𝑑 = 6. 

ii) Choose a control input 𝑢𝑢𝑘𝑘 ∈ 𝑈𝑈𝐷𝐷𝑅𝑅. Using the Monte-Carlo approach show that for the chosen controller the following 
result holds true: 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑥𝑥 𝑘𝑘 + 1 ∈ 𝑋𝑋𝑜𝑜𝑠𝑠𝑠𝑠𝑠𝑠 ≥ 1 − Δ 

Hint: Similar example on the page 121 of Lecture 8. 
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